FLOPS AND MUTATIONS FOR CREPANT RESOLUTIONS OF 
POLYHEDRAL SINGULARITIES 



ALVARO NOLLA DE CELTS AND YUHI SEKIYA 



Abstract. We prove that any crepant resolution of a polyhedral singularity C^/G for G C 50(3) 
of types "L/riL, D2n and T is isomorphic to a moduli space of representations of a quiver with 
relations. Moreover we classify all crepant resolutions explicitly by giving an open cover and find 
a one-to-one correspondence between them and mutations of the McKay quiver. 
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1. Introduction 

The general setup can be formulated as follows: let M be a quasiprojective variety with Km = 
and G C Aut{X) a finite subgroup acting trivially on a global basis of H^{Km)- Then we can 
consider the diagram 

M 
f 

Y-^X := M/G 

where K is a resolution of singularities of X and Ky = 7r*Kx + ^aiEi. The resolution vr is 
said to be crepant if Ky = it*Kx, or in other words, if the discrepancy divisor ^ OjE'j is zero. We 
assume that M = and the group O is a finite subgroup of 5L(3, C). This type of resolution had 
been known among algebraic geometers for a long time, although the relation between a crepant 
resolution Y and the representation theory of the group G was first realized by the work of the 
string theorists [DHVW| proposing the equality between the Euler number of Y and the number of 
conjugacy classes of G (or the number of irreducible representations of G). Their calculations were 
reformulated by Hirzebruch and Hofer [HH] into the Euler number conjecture, motivating a series 
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of works by Bertin, Ito, Markushevich, Roan and others jBM94t iMarl IIto941 llto95| IRoa94t fRoaQe] 
finishing the verification of the formula with explicit methods case by case in dimension 3. 

The relation with the so called McKay correspondence was further studied by Ito, Nakamura 
and Reid [Nakl IIN991 IRei96l IRei02j . and constitutes the initial motivation of our work. The 
central object in this approach is the so called G-Hilb or moduli space of G-clusters, which is 
always a crepant resolution of C'^/G by the celebrated paper of Bridgeland, King and Reid [BKR] . 

It is well known from [INj that we can interpret G-Hilb(C^) as a moduli space Aig of 6- 
stable representations of the McKay quiver for a particular choice of 6 in the space of stability 
conditions 0. This point of view has lead to a substantial success starting from the earlier 
mentioned [BKR] where it was used to establish the McKay correspondence for G C SL{3, C) 
as the equivalence of derived categories D{Y) = D'^{C^). Moreover, the techniques in [BKRj 
apply to the generalized notion of G-cluster so that A^c* is a crepant resolution of C^/G and the 
equivalence D{A4c) — -D*^(C'^) also holds for the so called moduli space Aic of G-constellations 
for any finite subgroup G C SL{3,C) and any chamber C C (cf. |CI]). 

This paper focuses on the problem of describing every crepant resolution of C^/G for a given 
G C SL{3, C) which has been treated much less in the literature. It was conjectured (and 
proved in the Abelian case) by Craw and Ishii in [Clj that every projective crepant resolution 
is isomorphic to a TWc* for some G C Q. In this paper we describe every crepant resolution of 
C^/G for G C 50(3) of types Z/nZ, L>2n and T by providing an open cover of each of them 
consisting of a finite number of copies of (see Theorem 11.11 below) . They are constructed as 
moduli spaces of ^-stable representations of the McKay quiver or G-constellations, verifying the 
Craw-Ishii conjecture for these family of groups. In addition, we study the chambers C for every 
crepant resolution X in Theorems 17.41 17. 9^ and we conclude that there exists a connected region 
in G which contains all crepant resolutions of C^/G, where every wall crossing in that region 
corresponds to a flop (see Corollary 17. 7p . 

We recall that G-Hilb(C^) is the moduli space of G-clusters in C^, where a G-cluster is a 
0-dimensional subscheme Z (ZC^ such that Oz — the regular representation of G as C[G]- 
modules. For the finite subgroups G C SO{3) the equivariant Hilbert scheme G-Hilb(C^) was first 
studied by Gomi, Nakamura and Shinoda in jGNSlt IGNS2] and constitutes the starting point of 
the calculations of this paper. From their work it is known that the fibre over the origin 7r~^(0) of 
TT : G-Hilb(C^) — >• C^/G is 1-dimensional. This fact gives the one to one correspondence between 
smooth rational curves E C 7r~^(0) and nontrivial irreducible representations of G, providing the 
McKay correspondence for these groups (see also |BS07| ). 

In terms of the McKay quiver Q, there is a one to one correspondence between irreducible 
components of 7r^^(0) and vertices Q except the trivial vertex 0. Moreover, the dual graph of 
7r~^(0) is precisely the graph of Q (i.e. forgetting the orientations of the arrows) removing G Qq. 

On the other hand, non-commutative crepant resolutions (=NCCRs) are philosophically con- 
sidered as a non-commutative analogue of crepant resolutions ( [VdB[irw] ). The Jacobian algebra 
V^Q, W) of the McKay quiver is an NCCR (see Section [3] in detail) and it corresponds to the 
crepant resolution isomorphic to G-Hilb(C^) by the above correspondence where W is the poten- 
tial provided by |BSWj (see Section [3]). We therefore consider mutations fi{Q, W) of the McKay 
quiver (Q, W) with potential to obtain new NCCRs, which is a common operation in representa- 
tion theory of algebras. In Section [5] we give an explicit description of all possibly mutations of 
the McKay quiver with potential under suitable rules, and we conclude that there is only a finite 
number of such mutations. 

It turns out that by mutating at non-trivial vertex k without loops we match what is happening 
geometrically when flopping the curve C 7r~^(0). In other words, for every group considered 
in this paper there is a one to one correspondence between flops from G-IIilb(C^) and mutations 
of the McKay quiver Q with potential W. 

Thus the main theorem of the paper is the following. 
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Theorem 1.1. Let vr : X — )• C'^/G be a crepant resolution. Then, 

(i) X is covered by a finite number of affine open sets Ui where Ui = C^. 

(ii) There exists a 1-to-l correspondence between flops of G-Hilb(C'^) and mutations of {Q, W). 

The theorem is proved in Section 16.41 The open cover provided in Theorem 11.11 (i) for all 
crepant resolutions of the polyhedral singularities are obtained as moduli spaces of the McKay 
quiver Q for some chamber C £ @. As mention before, this means that for this groups the 
Craw-Ishii conjecture holds. 

Corollary 1.2. Let G C S0{3) be a finite subgroup of type Z/nZ, D2n or T. Then every 
projective crepant resolution of C^/G is isomorphic to Aic for some chamber C C 0. 

Moreover, for any crepant resolution tt : X — )• /G we obtain the description of the dual 
graph of 7r^^(0) by looking at the graph of the corresponding mutated quiver removing the 
trivial vertex. In addition, also provides the information about the degrees of the normal 
bundles of every rational curve Ei C 7r~^(0) by the number of loops at the vertex i. Although 
there is no relation with irreducible representations, this extends the McKay correspondence for 
subgroups in GL(2,C) of Wemyss |Wem08| . 

Corollary 1.3. Let vr : X — )■ C^/G be a crepant resolution and the corresponding mutated 
quiver. Then the dual graph of 7r~^(0) C X is the same as the graph of removing the trivial 
vertex. Moreover, 

{(—1, — l)-curves in X} <''^ *° {vertices in with no loops} 
{(— 2, 0)-curves in X} <''^ *° {vertices in with one loop} 
{(—3, l)-curves in X} <''^ *°""^> {vertices in with two loops} 

In particular, this concludes that there is a one to one correspondence between crepant resolu- 
tions and NCCRs. 

The way of finding the crepant resolution X in the corresponding mutation ^(Q, W) is shown in 
the following result (= Theorem 17. 9p . which states that X is the moduli space of representations 
of ijl{Q,W) of dimension vector wd and the 0-generated stability condition 9^. Moreover it 
also provides the way of finding the parameter such that the moduli space of McKay quiver 
representations is isomorphic to X. The result was motivated by the work of [SY] in dimension 
2 and uses methods in representation theory. 

Theorem 1.4. Let X — )• C^/G be an arbitrary crepant resolution. Then X = A4go (^^(r) for 
the corresponding Jacobian algebra T = V{^{Q,W)). Moreover, there exists a corresponding 
sequence of wall crossings from G-Hilb(C^) which leads to X = AiQ^^{A.) where A = V{Q,W) 
and the chamber G C 0d containing 9 is given by the inequalities 0(w~^ej) > for any i ^ 0. 

For a G C SO{'i) of type O and I, there exists a floppable (—2,0) or (—3, l)-curve in the fibre 
of origin of some crepant resolution of C^/G. This fact algebraically corresponds to the existence 
of a vertex i with loops such that dime Aj < oo in the corresponding mutated quiver (see Section 
m for details) . In this case we do not know the appropriate definition of mutation of quivers with 
potentials, so we do not have an efficient method to calculate all mutations of the McKay quiver 
with potential. This problem will be treated in a future work. 

The paper is organized as follows. After introducing the notations and conventions, in Section 
[2] we make a brief introduction to the finite subgroups of 5*0(3) also called polyhedral groups. 
In Section [3] we describe the McKay quiver Q and the potential W using the |BSW] method 
for the polyhedral subgroups in 50(3). Section |4] describes mutations of quiver with potentials 
and Section [5] calculates all possible mutations of the McKay quiver with potential (Q, W) for 
subgroups G C SO{'i). In Section [6] we describe explicitly every projective crepant resolution of 
C^/G with G C 50(3) of types Z/nZ, D2n and T as moduli spaces M.q of representations of the 
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McKay quiver (Q, W). Section [7| is dedicated to the space of stability conditions for the moduli 
spaces Aie and the relation between changing the stability condition and mutating at a vertex 
k €z Q. In Section [8] we proof the Lemma which allows us to calculate explicitly every crepant 
resolution by flopping only at (—1, — l)-curves, and finally the Appendix shows the representation 
spaces for every open set in any crepant resolution of C^/G for G C S0{3) of types Z/nZ, D2n 
and T. 

The authors would like to thank Alastair Craw for his suggestion to study the polyhedral 
subgroups to the second author when he was visiting Glasgow. We are also grateful to Osamu 
lyama and Michael Wemyss for invaluable comments and explanations, Kota Yamaura for many 
useful discussions. We would also like to thank Alastair Craw and Yukari Ito for bringing us 
together. 

1.1. Notations and conventions. We refer to [ASSj for notations on quivers and their repre- 
sentations, |IN99] for G-Hilbert schemes, [Rei02] for the McKay correspondence and |Wemt [King 
for moduli spaces of quiver representations. We always take C as ground field although everything 
can be done in any algebraically closed field of characteristic 0. 

Abusing the notation, we indistinguishably use vertices in a quiver Q and their corresponding 
vector spaces in a representations of Q. If in addition Q is the McKay quiver we also treat them 
as irreducible representations of Q. 

The notion of stability of a representation of Q is defined as follows (cf. |King| ): let M be a rep- 
resentation of Q of dimension vector d = {diji^q^, let 9 G Q'^'^ and define 9{M) := ^ 9idi. Then 
M is 6l-(semi)stable if e{M') > = e{M) for C M' C M (with the usual > for semistability). 
Given d G Q*3o we denote the space of stability conditions by 6d := {0 G Q'5°|6' • d = 0} C G = 
qQo_ xhe stability parameter G @d is said to be generic if every 0-semistable representation 
is 0-stable. We only consider the space of generic stability conditions which forms an open 
and dense subset in @d- 

Since we consider moduli spaces of modules over path algebras A := CQ/R for different quivers, 
we denote by A^6»,d(A) the moduli space of 0-stable representations of the quiver Q with relations 
R of dimension vector d. If {Q, R) is the McKay quiver of G with relations R as in |BSW| and 
d := (dim y)ygirrG) then we denote A^e,d(A) simply by Aie or Aic for some £ C where C is 
a chamber in Oj. 

Given a quiver with potential {Q,W) we denote by T'{Q,W) the Jacobian algebra and by 
n{Q, W) the quiver with potential obtained by a sequence of mutations or simply fj.Q if the 
potential is clear by the context. 

Since the we use GIT methods, by crepant resolution it :Y ^ X we always mean projective. 

2. Finite subgroups of S0{3) 

Let G be a finite subgroup of the special orthogonal group S0{3) which consists of rotations 
about G M^. These groups are the so called polyhedral groups and classified into five cases: 
cyclic, dihedral, tetrahedral, octahedral and icosahedral (see Tabled]). 



polyhedral group 


isomorphic group 


oder 


cyclic 


Z/nZ 


n 


dihedral D2n 


Z/nZ xi Z/2Z 


2n 


tetrahedral T 


Ai 


12 


octahedral O 


5*4 


24 


icosahedral I 


A, 


60 



Table 1. Finite subgroups of SO{3) 
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2.1. The cyclic group of order n + 1. Let G be the cyclic subgroup of SO{'i) of order n + 1. 
Then G is of the form: 

/ e \ 
G = (cr= ), where e = e^''^. 

Vo i) 

We also denote it by G = n, 0). The character table of G is given in Table[2l 



conjugacy classes 


1 


a 


■ a' ■ 




number of c.c 


1 


1 •• 


■ 1 • 


• 1 


Vq 


1 


1 •• 


• 1 • 


• 1 




1 


ei .. 


. . 




Vn 


1 


■■ 


gin 





Table 2. Characters of G of type 'L/n'L. 



2.2. The dihedral group of order 2n. Let n be a positive integer and G be the dihedral 
subgroup D2n of SO (3) of order 2n. Then G is generated by: 



G={a 



e 











1 







gW— 1 







1 













1 ; 




^ 








), where e = e 



27ri/n 



These groups are divided into two cases, depending on the parity of n. For the case n = 2m 
even, the group has four 1-dimensional irreducible representations Vq, Vqi, Vm and Vm', and m — 1 
2-dimensional irreducible representations Vj for 1 < j < m — 1. The character table is given in 
Table El 



c.c 


1 


-1 


r 


TO" 


(J* 


# of c.c 


1 


1 


m 


m 


2 


^0 


1 


1 


1 


1 


1 


Vo' 


1 


1 


-1 


-1 


1 




1 


(-ir 


1 


-1 


(-ly 


Vm' 


1 


(-ir 


-1 


1 





Table 3. Characters of D2n, with n = 2m even and 1 < i, j < m — 1. 



For the case n = 2m + 1 odd, the group has two 1-dimensional representations Vq and Vq', and 
m 2-dimensional representations Vj for 1 < j < m. The character table is given in Table HI 



c.c 


1 


T 


a' 


# of c.c 


1 


2m + 1 


2 


Vo 


1 


1 


1 


Vo' 


1 


-1 


1 


V, 


2 








Table 4. Characters of D2n, with n = 2m + 1 odd and 1 < i,j < m. 



In both cases, the representations Vj are realized as Vj{a) = ( q J^A ,Vj{T) = (5 o)- 
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2.3. The tetrahedral group. Let G be the tetrahedral subgroup T of 50(3). Then 



G = {a 



The group G is isomorphic to the alternating group and it has order 12. This group is also 
called trihedral group of order 12 and the character table of G is shown in Table [5j 



-1 





0^ 






1 







-1 





















1 ) 




^ 1 








c.c 


1 


a 


T 




# of c.c 


1 


3 


4 


4 




1 


1 


1 


1 


Vi 


1 


1 


00 






1 


1 






Vz 


3 


-1 









Table 5. Characters of tetrahedral group of order 12. 



2.4. The octahedral group. Let G be the octahedral subgroup O of SO{3). Then: 






-1 








1 




1 
















! 








1 ) 




^ 1 








The group G is isomorphic to the symmetric group S4 and its order is 24. The character table of 
G is given in Table [H 



c.c 


1 


a' 


r 


(T 




# of c.c 


1 


3 


8 


6 


6 


Vo 


1 


1 


1 


1 


1 


Vi 


1 


1 


1 


-1 


-1 


V2 


2 


2 


-1 










3 


-1 





1 


-1 


Va 


3 


-1 





-1 


1 



Table 6. Characters of octahedral group 



The representation V3 is the representation given the inclusion G to 5'0(3), i.e. the natural 
representation. The irreducible representations V2 and V4 are realized as V2(o') = (10), V2(r) = 



;^3),F4(a) = -cT,F4(r)=r. 



2.5. The icosahedral group. Let G be the icosahedral subgroup I of 5*0(3): 

G={a = 




where e = e^''*/^, s = + = and s = e + = ~^+^ . Note that v = ( ^ - = cr^r 

^ ^ \ -1 / 

(compare |GNS2l 3.1] and |YY] ). The group G is isomorphic to the alternating group and its 
order is 60. The character table of G is given in Table [71 

The natural representation is Vi, the irreducible representation V2 is realized as 

V2{a) = a^,V2{T) = T. 
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c.c 


1 


err 


T 


a 


•2 

a 


Tt^ of c.c 


1 


20 


15 


12 


12 




1 


1 


1 


1 


1 


Vi 


3 





-1 


—s 


-t 


V2 


3 





-1 


-t 


—s 


Vz 


4 


1 





-1 


-1 


Va 


5 


-1 


1 









Table 7. Characters of icosahedral group 



and the 4-dimensional irreducible representation V3 is obtained by removing the unit representa- 
tion from the permutation representation of A5 on {a, b, c, d, e}. If we take a suitable basis of V3, 
it is realized as follows: 



( e 



V 





e2 












\ 






1 

7! 



V 



1 

t 

-s 

-1 



-1 1 



t 



-1 \ 

-s 

t 

1 J 



The 5-dimensional irreducible representation V4 is a representation obtained by removing the unit 
representation from the permutation representation of on the set of its 6 subgroups of order 
5. Taking a suitable basis, it is realized as follows: 



( 1 






\ 






^4(r) 



-6 
\-t 

2s 

2t 
1 - s 



-6 

2s 
1 - s 
1-t 

2t 



-6 

2t 
1-t 
1 - s 

2s 



-6 \ 
1 - s 

2t 

2s 
1-t 



3. McKay quiver with potential for G c S0{2>) 

First we recall quivers with potentials. Let Q be an arbitrary finite connected quiver (possibly 
with loops and 2-cycles) with a vertex set Qq and an arrow set Qi. For an arrow a, ha and 
ta denote the head and tail of a respectively. We denote by CQi the C-vector space with basis 
Qi consisting of paths of length i m Q, and by CQj^cyc the subspace of CQi spanned by all 
cycles. A quiver with potential {QP for short) is a pair [Q^W) consisting of Q and an element 
^ ^ ©i>2 '^Qi,cyc (called a potential). For an arrow a G Qi, the cyclic derivative daW is defined 
by da{ai ■ ■ ■ ai) = X^^.^^ o-i+i ■ ■ ■ agai ■ ■ ■ aj_i and extended linearly. The Jacobian algebra of a 
QP {Q,W) is defined by 

ViQ,W) ■.= CQ/{daW \ aeQi). 

In the rest of this section, for a finite subgroup G of SO (3), we give an explicit description of the 
McKay quiver with potential (McKay QP for short) whose Jacobian algebra is Morita equivalent 
to the skew group ring S * G hy using the method in [BSW]. Since G is embedded in SO{3), G 
acts onV = naturally and dually on the polynomial ring S = C[V]. The skew group ring 5**^ 
is a free S*- module S'^cG with basis G with multiplications given by {s(d g){s' (i^ g') = sg{s')(^gg' 
for any s,s' £ S and g, g' G G. The skew group ring is important since it is a non-commutative 
version of a crepant resolution. 

The Mckay quiver of G is a quiver Q such that the vertex set is the irreducible representa- 
tions Vi of G and we draw aij arrows from Vi to Vj where aij = dime HomcG'(Vi, Vj) = 
dime HomcG(V^'5 V ^Vi)- For simplicity we write Qq = {0,1, . . . , n} where i £ Qo corresponds to 
the irreducible representation Vi and in particular the trivial representation. 
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We take a standard basis vi,V2 and vs of V. Note that HomcG'(yj, (g) Vj) is isomorphic to 
Hom£G'(V^-, y (8) Vi) as a C-vector space. For each arrow a £ Qi we consider a G-equivariant 
homomorphism (pa : Vt{a) V 'i^ ^/i(a)- If P = a6c is a closed path of length 3, then by Schur's 
lemma, the composition of maps 



Vt(a) 



id. 



V, 



h(c) 



hie) 



h{c)=t{a) 



is a constant (denoted by Cp), a : V'^^ — )• /\^ V is the antisymmetrizer and the last map is 
an isomorphism given by the composition A'^ ^ ~^ ; f i A U2 A ^3 — )• £o and Vq (g) V/i(c) ~^ 
^h{c) ; io v ^ V. Note that since 50(3) C SL{3,C) we have that /\^ V is isomorphic to the 
trivial representation. 

Theorem 3.1 f [BSWl Theorem 3.2]). If we take 

^ = Cp (dim V^(p))p 

p=|3| 

then V{Q, W) is Morita equivalent to S * G. 



Remark 3.2. In [BSW], the above result is described by using superpotentials. But in the three 
dimensional case, superpotentials is nothing but potentials. 

3.1. The cyclic group of order n + 1. Let G be a finite cyclic subgroup of SO (3) of order 
n + 1. The McKay quiver Q of G is as follows: 




For each arrow, the corresponding G-equivariant homomorphism is given by 



"Pa, 



Vi^V ^ Vi,+i;£i ^V2(E> ii+i, 
Vi+i y Vi-Ji+i ^vi® ii, 



where ii denotes a basis of Vi for any i = 0, . . . ,n. In the following, for simplicity we just describe 
as V2 etc. For any i = 0, . . . ,n, we can check that Cp = —1 \i p = CiUibi and Cp = 1 if 
p = Cibi-iai-i, where a„i = fln-i and 6_i = bn-i- By definition of Cp, for all other 3-cycles p we 
have Cp = 0. Hence the McKay potential is given by 



W 



aibiCi + ^ bi^iai^id. 



i=0 



i=0 



3.2. The dihedral group of order 2n (n even). Let G be a dihedral group D2n where n = 2m 
for some positive integer m. The McKay quiver Q of G is as follows: 
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0' 



Um-2 Urn- 1 



■ m — 2 .TO — 1 



B' 



Do 




A' 



and the corresponding G-equivariant maps are: 



A, a, A, a' : V3, do : {v2, -vi) , Dq : 



Vl 
-V2 



Vl 



, c : {v2,vi), C : 
{0 < i < m - 2), Di : 



Vl 

V2 



Vl, -V2), B' : 

{0 < i < m - 2), 



-V2 
-Vl 



Ui : 







, (0 < i < m - 1). 
0-1^3/ 

For example, do : (t'2, — fi) means the G-equivariant map ipd^ -.Vqi^V® V^i;^o' ^ V2® (\ — 
Vl ® if where £0' is the basis of Vq' and il , if is the basis of Vi given in the previous section. 
Note that the above description depends on the choice of bases of V^'s. For the above equivariant 
maps, one can calculated the superpotential: 



m-2 



m— 1 



W/2 = —adoC — cDqA + uiDgdo + uiCc — UidiDi + Uj-Dj-idi-i 

1=1 

- Um-iB'h' - u.ra-iC'd - a'h'C - c'B'A'. 



i=2 



3.3. The dihedral group of order 2n (n odd). Let G be a dihedral group D2n where n = 
2m + 1 for some positive integer m. The McKay quiver Q of G is as follows: 



0'^ 



c 

do . 



u,z ^m-A ^m-i u,m 

0.0 o^.o.„-.o 



I — 2 m — 1 \ 

Dm-2 



: 



and the corresponding G-equivariant maps are: 

V3 



ui 

V2 



{0 < i < m — 1), Ui : 



-ua 



(0 < i < m), : 





Vl 



Vl 



For the above equivariant maps, the superpotential is given by 



m— 1 



(0 < i < m - 1), 



W/2 = —adoC — cDqA + uiDgdo + uiGc — UidiDi + UiDi-idi-i 



UmV 



1=1 



1=2 



3.4. The tetrahedral group. Let G be the tetrahedral group of order 12. The McKay quiver 
Q of G is as follows. 
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6 C. 





and the corresponding G-equivariant maps are: 

f 2 , 6 : (i;i,a;?;2,c^^^^3), B : j uj^V2 J , c : {vi,uj'^V2,uJV3) , C : | UJV2 ) , 

f 3 / \ CJVs 

/ t;2\ / t;3 ~ 
u: lv3 0,^:0 vi 

\0 VI J \t;2 
For the above equivariant maps, the superpotential is given by 

W/3 = uAa + ojuBb + u?uCc - ]-u^ - vAa - uP'vBh - ujvCc + ^v^. 

3.5. The octahedral group. Let G be the tetrahedral group. The McKay quiver Q of G is the 
following: 

2 




O " o 



and the G-equivariant maps are: 



Vi 

C : I ijJV2 



Vl UJVl 



Vl OJ V2 OOVs 
u'^Vl V2 OJV3 



c : 



Vl 
-Uj'^Vi 



OJ V2 OOVs 
-V2 -UJV^ 









V2\ 




Yd,D: 


t>3 





Vl 


, u,v 




\y2 


Vl 








-Vs V2 

V3 —Vl 

—V2 Vl 



For the above equivariant maps, the superpotential is given by 
W/6 = uAa - uhB - udD - l/3ii^ + veE - vCc - vDd + 1/Sv^ + {w'^ - w)dDB + (w"^ - w)Dbc. 



3.6. The icosahedral group. Let G be the tetrahedral group. The McKay quiver Q of G is as 
follows: 

2 




and the G-equivariant maps are: 

V3 —V2^ 

2v2 -2vi 

-2v:i 2vi J 









,u: I 







'-2vi 3v3 3v2^ 

V2 6vi 6«3 
I 113 Qv2 6vi ) 
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B 



C : 






V "3 



V3 V2\ 

Vi 

V2 

113 

vij 



2v2 2vi 2u3 
, 2v2 2vi 



/ 6V3 
V2 



V 





2V3 

2vi 

SV2 









Vl 
— V2 





-VlJ 



For the above equivariant maps, the superpotential is given by 



1 



2 10 -L 

^/12 = -uAa+5ubB--u^ + 15vBb-5vcC-20vEe^ +5weE-wDd- -w^ 

'3 3 3 

4. Mutations of quivers with potentials and NCCRs 



-5dec+WCED 



In this section we define mutations of quivers with potentials. For a finite subgroup G C 50(3) 
let R = S*^ be the invariant subring of the polynomial ring S. The skew group ring 5 * G is 
a non-commutative crepant resolution (NCCR for short) of R ( \IW\ IVdB ]). Since NCCRs are 
closed under Morita equivalence by [iWj Lemma 2.11], the Jacobian algebra of the McKay QP 
is also an NCCR of R. To obtain new NCCRs from the McKay QP, we use mutation which is 
a standard technique in representation theory. The Jacobian algebra of the mutation is also an 
NCCR. 

A QP (Q, W) is called reduced iiWe 0j>3 C(5j,cyc- For a non-reduced QP {Q, W), if there is 
a reduced QP (Q', W) such that V{Q, W) ^V{Q' , W), then we say that (Q', W) is the reduced 
part of {Q,W). 

For a QP {Q^W) let A; be a vertex with no loops (but possibly lying on a 2-cycle). Then we 
define the mutation JlkiQ, W) of (Q, W) in the following way: 

(1) Let Q' be a quiver obtained from Q as follows. 

(a) Replace the fixed fc in Q by a new vertex k* . 

(b) Add new arrows [ab] : i ^ j for each pair of arrows a : 

(c) Replace each arrow a : i — )• A: in Q by a new arrow a* : k* ^ i. 

(d) Replace each arrow 6 : /c — )• j in Q by a new arrow b* : j ^ k* . 

(2) Let W = [W] + A where [W] and A are the following. 

(a) [W] is obtained by substituting [ab] for each factor ab in W with a : i ^ k and 
b : k ^ j. 

(b) A= [ab]b*a*. 

a,b&Qi,ha=k=tb 

Moreover let fik{Q, W) be a reduced part of JlkiQ-, W) if it exists. 



k and b : k ^ j in Q. 



The important difference from the original mutation from [DWZ] is that fikiQ,W) may have 
loops and 2-cycles. However this situation is quite natural in some geometric contexts as we will 
see later. 

Remark 4.1. We give a remark about the connection between our definition of QP and tilting 
mutation. Let A = V{Q,W) be a NCCR and Pk a projective right A-module associated to the 
vertex k. Let / : P^. — )• X be a left add A/Pfc-approximation and put := Coker/. If / is 
injective, then one can prove that A/P^ © is a tilting A-module and EndA(A/Pfc © K^) is 
also a NCCR. By a similar strategy of |BIRS] . we can prove that if a QP {Q,W) is gradable 
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(see below) and A is a 3-Calabi-Yau algebra, a tilting mutation coincides with a mutation of QP, 
that is, we have an isomorphism EndA(/ifcA) ~ T'{fJ'k{Q,W)). In our case, we can check that 
all mutations n{Q,W) obtained from the McKay QP {Q,W) are gradable and V{i2{Q,W)) are 
3-Calabi-Yau. 

We do not know if the reduced part exists in general, however if there is a grading on the 
QP, the reduced part always exists. Given {Q, W) a QP, we can assign to any element a £ Qi a 
non-negative integer dega. For an element e in Qq we put dege = 0, and for a path p = ai ■ ■ ■ ae 
in Q we put degp = Yli=i degCi. We say that the potential W is homogeneous of degree d if all 
terms in W are of degree d. 

Definition 4.2. We say a QP (Q, W) is gradable if there exist a grading of Q such that W is 
homogeneous of degree d. 

Trivially the Jacobian algebra of a gradable QP becomes a graded algebra. 

Lemma 4.3. If a QP {Q,W) is gradable, then there exists a reduced QP (Qred^Wy-ed) such that 

ViQ,W)^V{Qred,Wred). 

Proof. If {Q,W) is reduced, we have nothing to do. So we assume that there is a 2-cycle ab 
which appears in W. Write W = Caboh + W where Cab G C is a non-zero element. Then 
daW = Cabb + daW and dbW = Caba + dbW . Without loss of generality we can assume that 
dega > deg6. Then degdaW = degb, so daW does not contain a or b. Thus {Q, W) reduce to a 
QP whose potential does not contain a or 6 and Jacobian algebras are isomorphic. Of course, the 
new QP obtained is graded. By repeating this operation, we obtain the required reduced QP. □ 

5. Mutations of McKay quivers with potentials for G c S0{3) 

Let G C S0{3) be a finite subgroup of type Z/nZ, D2n or T. In this section we give the mu- 
tations of the McKay QP of G. We denote by * the vertex corresponding trivial representation 
of G. We consider mutations of QPs according to the following two rules: 

Rules of the game. 

(1) We do not mutate at the vertex -k. 

(2) We do not mutate at a vertex with loops. 

By this rule only finite many number of mutations appear. We explain where the rules of the 
game come from. For the rule (2) we recall the next result. 

Theorem 5.1 (^IWj). Suppose R is a complete local normal three-dimensional Gorenstein ring 
with maximal modifying module M. Denote A = End/j(M), let Mj be an indecomposable 
summand of M and consider Ai := A/A{1 — ei)A where is the idempotent in A corresponding 
to Mi. Then if diuiAi = oo then fj,j.A ~ A. 

Let {Q,W) be the Mckay QP and A = V{Q,W). Then A is Morita equivalent to 5 * G ~ 
End^(S') and we can decompose S to the direct sum of CM i?-modules Mj. By taking non- 
isomorphic CM i?-modules Mj, we have an isomorphism A ~ Endi?(^Mj). So, since R = SG 
is a normal three-dimensional Gorenstein ring, the above theorem can be applied to our case if 
we take a completion R. We will prove that, for any algebra P obtained from A by iterating 
mutations, dime Fj = oo for any vertex i with loops. Hence the rule (2) is valid. For subgroups 
G C S0{3) of types Z/nZ, D2n and T, the rule (2) geometrically means that (—2,0) and (—3, 1)- 
curves are not fioppable in any crepant resolution of C^/G. However, for a G C SO{3) of type O 
and I, there is a vertex i £ Q with loops such that dime A, < oo and in this case we do not know 
the appropriate definition of mutation of QPs. 
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We set the rule (1) because the vertex * corresponds to the trivial representation, so it does 
not corresponds to any exceptional curve in the fibre of the origin. So geometrically it seems to 
be that there is no sense to mutate at the vertex -k. On the other hand, in the context in NCCRs 
we can say the following. By the definition, a NCCR T is of the form Endij(M) for some reflexive 
module M. The rule (1) implies that M always contains R as a direct summand, equivalently M 
is a CM i?-module, hence a CT module. 

5.1. The cyclic group of order n + 1. Let {Q,W) be the McKay QP of G obtained in 13. li 
Then by the rules of the game there is nothing to do, although we check that dime Aj = oo for 
confirmation. Indeed, for each vertex i, we have Aj = ®£>o Ccf thus infinite dimensional. 

5.2. The dihedral group of order 2n (n even). Let n = 2m with m > 2 and {Q,W) be the 
McKay QP of G obtained in 13.21 In this case there are (m + 1)^ non-equivalent mutation QPs 
which are equivalent to {Q,W). 

Example 5.2 (The case n = 6). Before treating the general case we observe the case n = 6. In 
this case there are 16 non-equivalent QPs, see the Figure [H 

Q Q * 9 * Q * :? * * Q Q Q 

^ -%\\ \y -\\\ \\\ - w ' w ^ 11 

6 6 6 °' 6 6 6 6 

/'ll'l /'O'l /'(I' I /'O'l 

9 OO 9Q 3Q Q Q 

\\^ \i \\\ \\^ ^1 \\^ 1 \\^ \\ 
0' ^ 0' 3' 0' 3' 0' 0' ^ 

/'I I Mil /'I I 

9 9 9 39 3 
6 6 =^ 6 6 

M2| 

o o 
6 6 



Figure 1. Mutations of type D\2- 



We demonstrate how to calculate mutations of the QP (Q, VF) by mutating at the vertex 0'. 
First add new arrows [aA], [-Dq^]) [oc^oli [-C^o'^o]! replace 0,71,^0,-00 by a* , A* , cIq , respectively 
as shown below, and denote the new quiver by Jlo'{Q)- 

[aA] [aA] 




Then the potential [W] -|- A is given by 

[W] + A = - [ado]C - c[DoA] + uiC c + ui[Dodo] - uidiDi + U2diDi - UiB'h' - U2C' c 
- a'b'C' - A'dh' + a*[aA]A* + a*[ado\dl + DI[DqA]A* + Dl[Dodo]dl, 
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hence we have the mutation fJ-o'{Q, W) of (Q, W) at the vertex 0'. Moreover by taking derivations 
we have the fohowing equahties 

dc = -[ado] + cui, dc = -[DoA] + uiC, d^^ = [DqcLq] - diDi + Cc, 



>do] 



-C + dla\ di 



ADoA] 



-c + A*D*Q, d[Dodo]=ui + doDo- 



Hence the reduced expression Wq' of [W] + A is given by 

Wo> = -{D*d*Qfa*A* + d*QD*diDi + uac^i^i - U2B'b' - UiC'd - a'b'C - A'c'B' + a*[aA]A*. 

If fiQ' (Q) is a quiver obtained from JIq/ (Q) by removing c, C, [ado] , [DqA] , ui , [Dodo] , then ^q' (Q; ^) 
:= (no'iQ), Wq) is a reduced QP and we have ViJlo'iQ, W)) ~ T'{fio'{Q, W)). The others are ob- 
tained similarly. 

Now we treat the general case. We write down all QPs which are obtained from the McKay QP 
by the rules of the game. The general case is similar to the case n = 6. Because of the symmetry 
between the vertices m and m' we only write down mutations of {Q, W) with respect to 0' and 
m. Mutations with respect to m' are done in the same way. 

We first fix some notations. Note that we do not mutate at the vertex *(= 0) so Qo,Qoi, ■ ■ ■ 
mean quivers obtained by mutating at 0'. For simplicity, we do not use the notations (— )* and 
[— ]: for example, starting from the McKay quiver Q with notations as in Section [3.21 arrows a, 
A and u^, in the quiver Qo-i actually mean A*, a* and [0^4] respectively. Moreover we put 



Xj = UjdiDjioT J = 0, . . . , m — 2, X. 
Yj = UjDj^idj-i for j = 1, . . . , m - 1, 



m—l — ^m— 1*-^ C , 



Zj = djDjDj^idj^i for j = 1, . . . , m - 2, Zm~i = C'cDm~2dm-2, 

■^m...{m—j) 



X' 

Y' 

7' 



Urnb'B' 



B'b' 



B'b' Dm~2dm-2- 



o 



The list of mutated quivers Q'q'"^'" '" and their corresponding potentials Wq ^ 
^ with 0<z<m — 2 Qo...(m-i) 



•m...(m—j) 



is: 



o 



6 

Uo 



c^0...j 

- i — 1^ " i CZZli + 1,^ .i + 2 - - m — 1 a' 

A-i A -D,+i \^ 



o 



o o 



A' A\ 



\l 



O „ O O 

-2 m- 2 



11(1 



C' 
m — 1 



o 



w. 



a All _^ 



0...(m-l) 



Qm...{m-j) ^j^j^ < J < 



m 



o o 



111 '"i-i 

1 j — 1 ^ " i i + 1 ^ . J + 2 - - m — 1 u' 

\/^ 
0' 



o o 



11,1 

doC + cDoA - uiDodo - uiCc + + E -la + - Z'+i - E^J^^a + E™ ,+2 



77J...1 



:i^c:ii^2 m - 2' _ 




^m...(m-j) ^ ^ 

~u^A a + A a u^. 



o 



(!) 

"0 
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with i + j < m — 3 



lIi+2 



o 

Uj+2 U,„_^ 



■ i-r 



i tZZi + Id!* + 2---i - J CZ!i + 13!J + 2--m- 1 



A' 



6 



m...(m — j) 



0...i 



Q 
/\ 



- ^j+i - Er=j+2 + Er=j+2 ^fe ~ a'A'it^ + A'a'u'^ 



^m...{i+2) 

Vo...i 



O 



do 



111 "i-l fi+l "i+3 «m-l (Ji //7 

O O 4-1 d, Odu^ d^O O/C' 

^1 i — I^ " 2 CCZI' + 1, + 2, .i + 3 -- m — I a' 

A-i -Di Di+i A+2 



6 

Ho 



The final remark shows that we have non-trivial mutations only if we follow the rule of the 
game (2) and it can be checked by direct calculations. 

Lemma 5.3. For any (Q, W) as above, let A = 'P{Q, W) be the Jacobian algebra. Then for any 
vertex i ^ Qq with a loop, dime Aj = oo holds. 

5.3. The dihedral group of order 2n {n odd). Let n = 2m + 1 with m > 2 and {Q,W) be 
the McKay QP of G obtained in 13.31 In this case there are m + 1 non-equivalent mutation QPs 
which are equivalent to {Q,W). 

Example 5.4. Before treating the general case, we observe the case n = 7. In this case there 
are 4 non-equivalent QPs, see the Figure [21 

o o o 



Y ' 6 



l-kY 



S2=J? 
6 



6 



o 
o 



^2 



o 



o 



Figure 2. Mutations of type Du. 



Now we consider the general case. We write down all QPs which are obtained from the McKay 
QP by the rules of the game. 



o 



1/J 

6 

tio 



i0...i 

"i-l 



with < z < m — 2 

«,;+2 



o 



O O 4-1 4 4.1 O O 4,-iO 

^1 i-l . i ^^ZZ'i + 1 i + 2--m - 1 ' m A 



A4 



A 



Qo...(m-l) 

1/1 "i-l ",+2 

O 4 O Oi^ 

-in — 2 m — 1 ■ m 



°-o 



6 
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Wo.. A = u^,aA — aAul + X^^Zq djDjUj — Yl]=\ Dj-idj-iUj — Di-idi-idiDi + Dididi+iDi+i 

+ djDjUj - EJL»+2 Dj-ldj-lUj + UmV'^. 

W^0...(m-1) = aAut — aAul + Y^Y^o djDjUj — E^Tl^ Dj-ldj^lUj — -Dm-2dm-2dm-l-Dm-l + Dm-ldm-lV^ ■ 

The final remark shows that we have non-trivial mutations only if we follow the rule of the 
game (2) and it can be checked by direct calculations. 

Lemma 5.5. For any (Q, W) as above, let A = ViQ, W) be the Jacobian algebra. Then for any 
vertex i £ Qo with a loop, dime Aj = oo holds. 

5.4. The tetrahedral group. Let {Q,W) be the McKay QP of G obtained in 13.41 In this case 
there are 5 non-equivalent mutation QPs which are equivalent to {Q,W). We list all of them in 
Figure [3l 




Figure 3. Mutations of type T. 



W = uAa + iouBb + uj'^uCc - - vAa - u'^vBb - ujvCc + . 

Wi= (1 - uj^)Aau - ujAaBh + (a;^ - l)Ccu - uj^CcbB + oj^Bbu^ + uj{Bbfu + \{Bbf . 

W2 = (a;2 - l)Aav - uAaCc + (1 - uj^)Bbv - uj^BbCc + uj^Ccv^ + uj{Ccyv + l{Ccf. 

W12 = AaBb + AaCc - {BbfCc - Bb{Ccf. 

Wi2z = aAuo - AaBb - AaCc + bBu2 - dDu2 + cCus - Ddus + Bdc + CDb. 

We note that in {Qi,Wi) and {Q2,W2) there is a relation of the form v = uj'^u — ujBb and 
u = uj'^v — ujCc respectively, so u and v are symmetric. We can easily check the following. 

Lemma 5.6. For any (Q, W) as above, let A = V{Q, W) be the Jacobian algebra. Then for any 
vertex i €z Qq with a loop, dime Aj = 00 holds. 

5.5. The number of mutations of McKay QPs. We take a completion R of R and we want 
to look for all NCCRs over R. By the definition a NCCR over is a nonsingular i?-order 
A = Endj^(M) with a reflexive module M over R (see [IW] in detail). We say A is a CM NCCR if 
M is CM, equivalently Af is a CT module. Thanks to Osamu lyama, we know that the following 
is true even in the case of R not an isolated singularity: If there are only finite many number of 
non-isomorphic CT modules over R, then these are all CT modules. Since there are one-to-one 
correspondences between QPs obtained by a sequence of mutations from the McKay QP by our 
rule, CM NCCRs and CT modules over R, we have the next result. 

Theorem 5.7. For a finite subgroup G C S0{3) of type Z/nZ, D2n and T, the number of 
mutations of the McKay QP is finite up to isomorphisms. Moreover the number of CM NCCRs 
is finite up to Morita equivalences. 
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6. Explicit description of the moduli spaces Mq 

In this section we describe the exphcit structure of the crepant resolutions vr : X — t- C'^/G 
for G C 50(3) of types 'LjnTL^ D2n and T. We do not describe the cychc case G = Z/nZ since 
(S'-Hilb(C^) is the unique crepant resolution and it was already treated in jCRj and |Nakj . 

The results are summarized in Theorems 16.11 16.31 and 16.51 for the subgroups of type D2n with 
n odd, with n even and T respectively. This explicit description allows us to conclude that 
every crepant resolution X is isomorphic to a moduli space Mg of ^-stable representations of 
the McKay quiver Q for some 9 £ Q, and X consists of a finite union of copies of C^. The 
representation space of every open set can be found in the Appendix. Moreover, we give the local 
coordinates of every open set and the degrees of the normal bundles of the fibre 7r~^(0). 

The proof is done by the explicit calculation of every case. The strategy used is the following: 

(1) We obtain first the crepant resolution X := G-Hilb(C^) = Aie, where 6 is the so called 
0-generated stability condition (i.e. 9 is generic and 9i > for every i ^ 0), which form 
|IN] is known to be contained in the chamber corresponding to G-Hilb(C^). In particular, 
this choice of stability implies that there exist dim{p) linearly independent paths from po 
to p. 

(2) By calculating the gluings between the open sets in X we obtain the degrees of the normal 
bundle of every rational exceptional curve in 7r~^(0). This is done by using the quiver of 
EndsG^^p^i^^Q Sp) where Sp are the CM S'^-modules Sp := {S p)'^, which coincides 
with the McKay quiver. By Lemma |8. II we know that only the rational curves E C X oi 
type (—1, —1) are fioppable which gives us a finite number of possible flops of X. 

(3) We calculate the flop X' of X by only modifying the open sets containing the curve which 
is fiopped, obtaining X' again as a moduli space Aic'- Here we use a representation space 
which dominates both sides of the flop. 

(4) We repeat the process until we flnd all possible flops of (—1, — l)-curves. 

In this section {Q,R) always denote the McKay quiver with the relations R as in Section [3l 
A := CQ/R and d = (dim/))pgirrG- Thus we write simply Aig or Ada to denote the moduli space 



6.1. The dihedral group of order 2n (n odd). With the potential given in Section 
relations R in this case are: 



the 



da,dA, db, dB,dc,dC 
ddi, . . .,ddm-i 
dDi, . . .,dDm-i 
dui 

du2,...,dUm~l 
dUm 

dv 



bC = 0,cB = 0,Ca = uiB,Ac = bui,BA = uiC,ab = cui. 

DiUi = U2D1, . . . , Dm-lUm-l = UmDm-1- 
Uidi = diU2, . . . , Um-ldm-1 = 

Bb + Cc = diDi. 
d2D2^Didu.. 

Drn-ldrn-l = 
UraV + VUjn = 0. 



■ • , -^m— l^m— 1 
; '^m—ldm — l — ^m — l^n 

■ , dm-lDm-1 = D.,n-2dm~2- 



We introduce the following notation for the arrows of Q as linear maps between vector spaces: 
a := a, A := A, b := (61,62), B := (g), c := (01,02), C = (g^), d, := ( '^P V A := 



-'21 "22 



) ^^'^ ^ ■~ (^21 ^"22 ); where 1 < i < m — 1, 1 < j < m and every entry 

^21 "22 / 

belongs to C. We may drop the upper indices in the entries of the matrices for di, Di and ui if 
the context allows us to do so, and we may also drop the lower indices when there exist a unique 
element in the matrix which is non-constant. 



Theorem 6.1. Let G = D2n with n odd. Then, 
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(1) There are m + 1 crepant resolutions of C'^/G given by the following open covers: 

j+l m+2 

^o...i = U ^fc U C/;+2 U (j Ui, for -1 < i < m, 

k=l k=i+3 

where Ui, U[, U'^ = for ah i (see Appendix). For i = -1 we have X = G-Hilb(C^). 

(2) Let /i := x^^^+i + y^rn+i and /s := x^^^+i - y2m+i ^j^g lo^^i coordinates of the open 
sets arc 

U^ = Cl^,u = SpecC[ -=^"'"V"^ f], fori<m + l. 

= = SpecC[z2, 2x^y^ ' 2a;'"i™^]' 

= = SpecC[ -^"'-y-^^ , 2.,], for z < m + 1. 

f^f = <^l4,D = SpecC[f , ^^], for i < m. 

(3) The degrees of the normal bundles Mx/e of the exceptional rational curves E C Xo...j are 



Open cover of E 


Degree of Mx/e 


Ui U Ui+i 


(-2,0) for I = 2,...,m 
(—3, 1) for i = TO + 1 


U[ U 


(-1,-1) for i = 1, . . . ,TO 

(—2, 0) for i = m + 1 




(—1. —1) for I = \ m — 1 




(-2.0) lor / = 1....,;;/, 



(4) The dual graph of the fibre over the origin for every crepant resolution is of the form: 



Proof. Let X := G-Hilb(C'^) = Aie for the 0-generated stability condition 6 and dimension vector 
I 2 ... 2. Then we can construct the following open cover of X: 

Claim 6.2. G-Hilb(C3) ^U[U [j"^^^ Ui. 
Proof. We divide the proof into 4 steps: 

Stepl: We can always choose c = (1,0). Otherwise, by the 0-generated stability we need to have 
ab = (1,0), so that the relation ab = cui implies that A{ci)'^ + "^21^2 = 1- But then ci and C2 
cannot be both zero at the same time, which means that we can change basis at the vertex 1 to 
obtain c = (1, 0). 

Step2: Similarly, we can change basis to choose di := ^^1^ ^^^^ for every i. Therefore it is 

remaining to generate the basis element (0, 1) at every 2-dimensional vertex. 

Step3: The open conditions to generate the 2-dimensional vertices can be done involving only the 

maps di and Di. Indeed, if we suppose that Ui = ^ then using the relations involving the 

vertex i we can conclude that L'22 Oj thus wc can choose = and D22 = 1 instead. 
Step4: By the stability condition we need to reach the vertex 0' with a nonzero map from 0, thus 
we have that 

either cdid2 ■ ■ ■ diDiDi^i ■ ■ ■ DiB ^ 

or a 7^ 

Consider the first case and suppose initially that i = 1, which after a change of basis is equiv- 
alent to say that cdiDiB = 1. In particular we can choose B2 = 1 and Di := ^ zji^ ^^22)' 
which leads to a contradiction when applying the relation Bb + Cc = diDi. Similarly, for 
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By the relation cB 
1 



i > we obtain contradiction with the relation = diDi. Therefore we either have 

cdi ■ ■ ■ dm-iUmDm-i ■ ■ ■ DiB 7^ or cdi ■ ■ ■ dm-ivDm-i ■ ■ ■ DiB 7^ 0. By the Step 2 we can 
always choose the second option, which gives the open set 

[/( : cdi • • • dm~ivDm-i ■ ■ ■ DiB = 1 
we get Bi = 0, so by changing basis we can always take c = (1,0), 
11 "^12 ^ for alH, u = ( 1,22 ) ^ ■~ ( 1 )' ^^'^ using the relations we 
obtain the representation space for U[ shown in the Appendix. 

If we suppose that a 7^ 0, by Step 2 and the usual change of basis at every 2-dimensional vertex 
i we reach the standard basis element (1,0) by the path cdi ■ ■ ■ di. Then, the rest of possibilities 
for the open sets are 



-1 = (0, 1) for 4 < i < m 



Using the relations in every case we obtain the representation spaces given in the Appendix, and 
we can conclude that G-Hilb(C'^) is covered by the union of m + 2 open sets isomorphic each of 
them to C^. □ 

Let Sp := {S p)^ be the CM 5'^-modules. Writing down the irreducible maps between these 



U2 : 


cdi ■ 


dm- 


-ivDm-l ■■■Di = 


(0,l),a = l 


U3 : 


cdi • 


dm- 


-ivDm-l •••-02 = 


(0,1), a6 = 1 


Ui : 


cdi • 


dm- 


-ivDm-i ■■■Di = 


(0,l),a6di •••( 


Um+l '■ 


cdi • 


dm- 


-iv = (0, 1), ahdi ■ 


• • dm-2 = (0, 1 


Um+2 '■ 


cdi • 


dm- 


_i = {l,^),abdi-- 


• d^.i = (0, 1) 



modules we obtain the following McKay quiver: 




(z 

VO -z 

Si~, -S2 - 



2 

-2 



I X ( 



(z 

lo -2 



o 

O 



Now let Ua,i3,'y C Xo i an open set and consider the corresponding representation space as 
shown in the Appendix. Every point in Ua,i3,-y is a representation of Q of dimension vector 
d = 1 2. . . 2 generated by a subset of linearly independent distinguished arrows. In particular. 



if X = G-IIilb(C'^) then C/q,,/^,^ is generated from pQ, otherwise generated from po ^-ud po'- We 
choose the basis elements of the vector spaces at every vertex of Q by following the distinguished 
arrows of Ua^js^y in the quiver between the CM -R-modules shown above. For instance, in U[ with 
coordinates a, b and C, the distinguished arrows are c, di, . . . , dm-i, v, Dm-i, ■ ■ ■ ,Di and B, so 
we choose as the basis elements: 





1 


V2 


{x' 


y') 


= ei 




7 7 
—X + y 






x^) 


= 62 


Vi 


{x,y) = ei 




{x^ 


y') 


= ei 




{y'^,x'^) = 62 






x^) 


= 62 



In particular, this choice implies that z = a{—x + y ), x +y = —b ■ 1 and 2xy = C • 1, which by 
rescaling the coefficients gives us the coordinates of the open set U[: a = z/{x'^ — y"^), b = (x'^+y^) 
and C = 2xy. Knowing the representation space of an open set U C Aig, this method provides 
local coordinates for U. 

It follows that in X we have 7r~^(0) = IJI^o-^* where = with coordinates {xyYz : 
rj.2m+i _ y2m+i £qj. ^ = 0, . . . , m, intersecting pairwise according to the dual graph shown below 
(see also \Gm2\ §3.5). 
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Eq El Em~l Em 



Therefore Eq is a (— 1, — l)-curve, Em is a (— 3, l)-curve, and the rest are (— 2, 0)-curves. By- 
Lemma [57T] only Eq can be floppable, which gives us Xq. 

Recall that any (— 1, — l)-curve E C X is floppable. In fact, there exists F 
fitting in the following diagram 



C Y 



F CY 





E C X -X' D E' 



where F dominates E and E' in two different ways as the exceptional locus for a and a' (see for 
instance Pagoda 5.5 and references therein). In our case, the curve Eq is covered by U{ and U2, 
and to calculate the new open sets in U2 C Xq covering the flopped curve Eq we look at the 
following representation space: 




It is the representation space obtained by taking the distinguished nonzero arrows which are 
common in U[ and U2- This space dominates both sides of the flop, in the sense that if we set 

= 1 we get U[ and if we set a = 1 we get U2, covering E'o; if ^1 = 1 we get C/f and if 62 = 1 we 
get U2, covering the flop of Eq. The coordinates of F = x are (a : 61 : 62)- 

For the rest of crepant resolutions Xo,,,j we argue in the same way, i.e. we repeat this process in 
every (—1, — l)-curve to produce every open set U C Me shown in the Appendix. For < i < m 
notice that in each of them there are precisely two (—1, — l)-curves, whose flops give Xo...(i-i) 
^o...(i-i-i) respectively. In the case i = m, the 3-fold Xq ^ has only Em-i as a (—1, — l)-curve 
and the flop produces the previous Xq m-i, so we stop. 

The description of the affine coordinates in (2) gives the gluings between the open sets shown 
below. From them we can read off the degrees of the normal bundles, and (3) follows. 

(a, 6, C) H' (a6, a^^, —aC) 

{d,D,u) ^ {\(PD,2d-^,u), for i = 2, . . . ,m + 1 
{d,D,u) h-> _ l(pD,-d-^u,d-^) 
{a,b,B) (iaB,26-\a6) 
(a, d, D) I— > {^aD^ 2a~^, ad), for i — 3, . . . ,m 
{a,d,D) ^ [a^d^ - ,-d,a-^) 
ia,b,B) {ab,b-^,bB) 

(a, d, D) 1—^ {ad, d~^, dD), for i = 2, . . . , m — 1 
(a, d, D) ^ {a, \d^D, 2d^^), for i = 1, . . . , m 

In every crepant resolution the dual graph of the fibre over the origin G C^/G is the same as 
X = G-Hilb(C^), they only differ in the degrees of the normal bundles over Ei given in (2). □ 



Ui -t U2 

Ui Ui+i 

Um+1 ^ Um+2 



Jm+2 



u- 



U'' . 
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6.2. The dihedral group of order 2n (n even). With the potential given in Section [3.21 the 
list of relations in this case is the following: 



da, OA, db, dB, dc, dC : bC ^ 0, cB = 0, Ca = uiB, Ac = bu^BA ^ uiC, ab = cm. 
da', OA', db', dB', dc', dC : b'C" = 0, c'B' ^ 0, Co! = Ura-iB' , 

A'c' ^ b'u.^^i,B'A' ^ u^^iC a'b' ^ c'u,„_i. 



ddi,...,ddm-2 
dDi, . . .,dDm^2 
dui 

du2,-.-,dUm-2 
dUm 



DiUi = U2D1, Dm-2Um-2 = Um-lDjn-2- 

Midi = diU2, ■ ■ ■ ,Um-2dm-2 = dm-2Um-l- 

Bb + Cc = diDi. 

'^2-D2 = Didi, . . . , (i„j_2-C'm-2 = D„i-^djy^_^. 
B'b' + C'c' - D„,-2dm-2. 



We consider the same notation as in 16.11 for the arrows of Q as linear maps, adding in this case 
a' := a', A' := A', b' := {b[,b'^), i?' := (§), C := {c'„c',) and := (§). 

Theorem 6.3. Let G = D2n with n even. Then, 

(1) There are (m + l)(m + 2)/2 non- isomorphic crepant resolutions of C'^/G given by the 
following open covers: 

i+l rn—j m+3 

k=l k=i+3 k=m-j+2 

for -1 < i,j < m - 1, where Uk,U'i^,U'^ ,V^,V,^' = for ah k (see Appendix). When 
i = j = -1 we have X = G-Hilb(C3). 

(2) Let /i := + and /2 := x™' — y*". The local coordinates of the open sets are 



U^ = Cl^,u = SpecC r'^';;f'\ ^,4^, f ], for z < m + 1 

= C^,fe,c = SpecC[^,2x,,/2] 
U[ = <Cld,D = SpecC[^^2^^^^, ^^^^,2.y], for 2 < i < m 

^m+l = 'Ca.B'.c' ~ SpecC[-^, 2xm-iym-i ] 

Ul' = C3 , D = SpecC[^, ^,^], for i < m - 1 

— '^a,c',C' ~ SpecC[-^, g^m-Zym-l 5 ^] 

W = C^,„,^, = SpecC[^^^i^Vl!£!^2,^^ i^], for i < m 

T// ~(p3 _ c^p„rf -2^""'i^'""'^' 1 

''m+l — ^a',b',C' ~ '->PCCM^[ , ^^rn-iym-i , 2x'"- ^ J/™- ^ 2 -I 

Kri+2 — '^a'.c'.C ~ SpCcCfz^, gj-m-Zym-i , 

= = SpecC[^22r^Vl!£!^ j.-^, f ], for z < m + 1 

^+2 — ^A,C',C" ~ SpecC[22, 2a;m-lym-1^2 ) ^] 
K?l+3 — = SpecCfz^, 2^rn-lym-l , ^Jj"] 
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(3) The degrees of the normal bundles Mx/e of the exceptional rational curves 
are 



Open cover of E 


Degree of Mx/e 


Open cover of E 


Degree oi Mx/e 


U, U C/,+1 

u vi+, 

Urn+l U 

ui U U,+i 


(-2,0) for 2 < i < m 
(-f,-f) for 2 < i < m + f 

(-1,-1) 

(—1, —1) for 1 < i < m 
(-2,0) for i = m + f 


ui' u 


(-2, 0) for f < i < m 
(-f,-f) for f < j < m 
(-2, 0) for f < i < m - f 
(-f,-f) for 2 < i < m + f 
(-2, 0) for 3 < i < m + 2 



(4) Let TTjj : X™"-*-™ ■'^ — C^/G a crepant resolution. The dual graph of 7rj "^(0) is: 




for Xo...j with i < m, 



• • • • • for the rest. 

Proof. As in the proof of Claim [6^ we start by calculating explicitly X := G-Hilb(C^) = Me for 
the 0-generated stability condition 9. 

Claim 6.4. G-Hilb(C3) - [/( U Uk U ^^+2 U F^+g. 

Proof. From Section [3] we can see that the McKay quiver in this case only differs from the case 
when n is odd in the vertices m — 1, m and m' , thus the argument is very similar to the proof 
of the Claim [6^21 In particular, we can choose c = (1,0), di := ^^1^ Ji^^^ and we cannot have a 

path cdi ■ ■ ■ diDi ■ ■ ■ DiB ^ for any i. Therefore, we have three possibilities to reach the second 
linearly independent vector, which we may choose to be (0, 1), at the vector space at the vertex 
m + 1. Namely cdi - ■ ■ dm-2B'b' = (0, 1), cdi - ■ ■ dm-2C'c' = (0, 1) or abdi ■ ■ ■ dm-2 = (0, 1). By 
symmetry the first two are equivalent, so we can assume that C[ = 1 and c' = (0,1). In other 
words, we have that 

either cdid2 ■ ■ ■ dm-2C'c' = (0, 1) 
or abdi ■ ■ ■ dm-2 = (0, 1) 

Let us consider the first case. To reach the 1-dimensional vector space at the vertex m! we can 
always choose B'-^ = 1. Indeed, by the relations d B' = and C'a' = u^-iB' we obtain the 
equality a' = uiiB[. This means that if we choose a' ^ then B[ ^ 0, and we can change basis 
to consider B[ = 1 instead. 

Thus, arguing as in the proof of Claim [6^ we obtain the following open sets 





cdi • 


• • dm-2C' 


= 1,B' = l,c'Dm^ 


-2 • 


■DiB = 1 






cdi • 


• • dm-2C 


= 1,B' = l,c'Dm. 


-2 • 


•Di = (0,l),a = l 






cdi • 


■ ■ dm-2C' 


= 1,B' = l,c'Dm. 


-2 • 


•L>2 = (0,l),a6 = (0,1) 




Ui 


cdi • 


■ ■ dm-2C' 


= 1,B' = l,c'Dm. 


-2 • 


• A-2 = (0, l),abdi ■ ■ ■ di_3 = (0, 1) for 4 < 


i < m + 1 


If 


abdi ■ ■ 


■ dm-2 = 


(0, 1) then there 


are 


only two possibilities which satisfy the 0-} 


generated 



stability condition, namely cdi ■ ■ ■ dm-2B' A' = 1 and cdi • • • dm-2C'a' = 1, giving the open sets 

V^_^_2 : abdi ■ ■ ■ dm-2 = (0, 1), cdi • • • dm-2B'A' = 1 
: abdi ■ ■ ■ dm-2 = (0, 1), cdi ■ ■ ■ dm-2C'a' = 1 
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Again, by using the relations in every case we obtain the representation spaces given in the 
Appendix, and we can conclude that G-Hilb(C^) is covered by the union of m + 3 open sets 
isomorphic to C'^. □ 

As in the proof of I6.H the local coordinates are obtained using the quiver structure of the CM 
S''^-modules Sp, which in this case is given in Figure HI 



So 



®^0(s-)0 

Si: 




:S2 



'y 0^ 

^ X > 




Figure 4. Quiver of the CM-modules Sp. 



It follows that vr ""^(0) = Ei where Ei = intersect according to the following dual 

graph: 



Ea E\ 



E 



m— 1, 



Er, 



The curves Ei have coordinates (xyyz : x 



2m 



• Em+1 

2m £qj. I ^ jyi^ }ias coordinates + : 
+ y^). The rational curves £"0, Em and 



y 

z{x"^ — y"^) and E^,' has coordinates x"^ — : z{x 
Em+i are (— 1, — l)-curves, and the rest of -Ej's are (— 2, 0)-curves. By Lemma [8TT] onlv the flop 
of Eq, Em and Em+i gives us new crepant resolutions. As in Section [5.21 by the symmetry of the 
curves Em and Em+i it is enough to consider flops from G-Hilb(C^) at Eq and Em- 

Using the same method as in the proof of Claim 16.21 it can be checked that we can flop 
consecutively the curves Eq, . . . ,Em-i (in this order) to obtain the chain of flops G-Hilb(C'^) = 
X --4 Xo --^ ... --^ Xq„ 

.m—i- At every step we obtain the open sets shown in the Appendix 
and the local coordinates as in (2). The dual graph of these crepant resolutions are the same as 
the dual graph of G-Hilb(C^) except for Xo...m-i which is 



E' 



m,— l- 



E„ 



E, 



m+l 



In any of the crepant resolutions Xo,,,i except for i = m — 1 we can flop the rational curve E„ 
to obtain the crepant resolution Xq^ ^, where now Em-i and the flopped curve E'm are (—1, — 1)- 



curves. Flopping E'm again takes us back to Xq, 
same way we obtain the sequence of flops Xo...i 



and flopping Em-i leads us to X. 



, vm 
^0... 



-,^m(m— 1) 
^O...i 



m(m— 1) 
0...i 



In the 



> and 



rm...i+2 
'0...i 

continuing the process in the same fashion we construct the (m + l)(m + 2) /2 crepant resolutions 
7r:Xi^ eye. 

Except for XQ i which is described above, the dual graph of the fibre 7r~^(0) is 



where the degrees of the normal bundles in each case change at each step according to (3). 
These degrees are obtained by using the gluings between the open sets shown below, and the 
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result follows. 

Ui Ui+i : (d, D, u) ^ {^(PD, 2d"\ m), i < m - 1 
Urn Um+i : {d, D, u) ^ {u, d~^,u - d'^D) 
Um+i ^ : {B',c',C') ^ (i?'C',c'C',(C')-i) 

t/„+i ^ C+3 : (S',c',C') ^ {B'C',B'c',{Br') 
U- -J> t/i+i : (a, 6, C) (-aC, a&), i = 1 
(a, d, £)) i-> {^aD, 2a^\ ad), 2 < i < m + 1 
(a, d, Z?) I— > (ad, a^^, ad + aD), i = m 
(a, B', c') ^ (a^B', c', a"^), i = m + 1 
f^/ -> K+i : ia,b,C) ^ (a2C,6,2™-2^-i),i = l 
(a, d, £>) (ia^d, 2"^-'+^a-^),i < m - 1 
(a, d, -D) (a^d, d + D, a^^), « = m 



U^' U'i^i : (a, d, L>) (ad, d~^ ,dD),i < m - 1 
(a,c',C") (aC",(C")-\c'C"),i = m 

C^" ^ f^iVi : ^ («. 5d2i:i,2d-i),i<m-2 

(a, d, D) (a, d"\ 1 + d'^D), i = m-l 

Ut V^/+i : (d, m) ^-> (idu, dZ?, 2™-'+id-i), i < m - 1 
(d, Z?, u) (du, d^^u + dD, d^^), i = m 

Vl^Vl'j^x ■■ {a',u,C')^ {a'u,{a'y^,2'-"'a'C'),i<m 
{a',b',C') ^ {a'b',{a'y\a'C'),i = m + l 

K'^KIi : {d,D,C')^ {^d^D,d-\C'),t<m 
(d, D, C) ^ {{Cf + d'^D, d-\C'), i = m + i 
[A, c', C) ^ {A, c'(C")^ (C)-^), i = m + 2 

□ 



6.3. The tetrahedral group. Let G be the tetrahedral group of order 12 and let S := C[x, y, z] 
as usual. In this case the McKay quiver and the relations R are the following: 




uA = vA, au = 
uB = ujvB, bu = 
uC = uj^vC, cu = 
Aa + ujBb + w^Cc 
Aa + uj'^Bb + uCc 



av 
bjbv 

UJ^CV 



Considering the arrows as linear maps between vector spaces we denote them by a := (ai, a2, 03), 



'I'll fl2 1^13 
f21 "22 1^23 
?;31 1132 ?^33 

this section. 



(^1,^2,^3), := c := (ci,C2,C3), C := 

Let us define the following polynomials which appear frequently in the rest of 



Uii Ui2 til3 . 

ti2i "22 "23 I and 

^^31 "32 "33 



/o 
/i 

/2 
/3 
h 



Rq 

Ri 
R2 



xyz, 
(x2- 



Notice that we have 3-Rn ~ "^^ 



z2)(z2 



1 — -R0-R2 + 3/1/3, -^2 



/I 



/o/l, -Rq 



i2li?2 + 3/0 /I 



- /o ~ /i/2) — /i — /0/2, 3i?2 — J2~ Ju.yi, -ti-o — -"■i-"-2 -r>j./u.y3> 
i?oi?i + 3/2/I and Rl- R\ = 3/|(/2i?2 - /i-Ri), as some of the 
relations among these polynomials. The invariant ring S'^ is generated by /o, /3, /1/2 and (See 
[GNSH §2]) but /1/2 = fo — 3i?o holds, hence one can take i^o as a generator of S**^ instead of 
/1/2. There is only one relation between these polynomials: 

/I + ARl - f^Rl - ISfoRofl + ^flfl + 27/|. 

Theorem 6.5. Let G be the tetrahedral group of order 12 and let vr : y — )• C^/G be a crepant 
resolution. Then, 

(1) There exist 5 crepant resolutions of vr : Xj — t- C^/G related by flops in the following way 



Xn 



X12 



-^123 



X2 
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where Xi = Aic for some C C @. Moreover, Xq = G-Hilb(C ) and every Xi is described 
as the union of 4 open sets isomorphic to C^. The open covers are Xq = UqU UiU U2U U3, 
Xi = U!)UU[UU2U U3, X2 = UqUUiUU^U U^, X3 = Ul^UU'iUUf^U C/^ and X4 = 
U f/f U f/^' U U.^. See Appendix. 
(2) The local coordinates in each open set are 







^ = 

C2,C3,Gl 


Spec[^ 


Ui 


rsj 


(p3 _ 
^C2,C3,C3 


Spec[^ 


U2 




(p3 _ 


Spec[^ 


Us 


rsj 


f 3 _ 


Spec[^ 


u'{ 






= Spec[ 



V3f'if3 


-hR2 


Ri 


Ri 


V3/2/3 


-hR2 


Ri ' 


fiRi 




fiRi 


R2 ' 


hR2' 


a/3/1/3 


f2Rl 



/21 
' /2J 



i?2 ' R2 '7^ 

-V3fif3 -Ro 

R2 ' ' 



V3/2/3 1 



^0 - 'Cc3,Cl,C3 



(p3 

^C2,Cl,C3 



Spec[ 



R2 



V3/3/3 V3/?/3 i 



TP ~ f 3 

T"/"' ~ (p3 

^3 - H3,Si,B3 



^^3/1/3^ 

q^„„r\/3/i^ /2-R2 /1-R2 1 

--Ri %/3/i/3 V3/I/3 1 
R2 ' -R2 J 

-flRo -/2fl01 



Spec[- 

: SpCc[ 



R2 



Ri) 



(3) The dual graphs of vr ^(0) in each crepant resolution with the corresponding degrees for 
the normal bundles are: 



(-1,-1) (-2,0) (-1,-1) 



(-2,0) 



(-2,0) 



(-1,-1) (-3,1) (-1,-1) 



(-1,-1) (-1,-1) (-1,-1) 



(-1,-1) (-2,0) (-1,-1) > 



(-1,-1) 



Proof. We start by calculating explicitly G-Hilb(C^) as a moduli space of representations of the 
McKay quiver Q with relations R. 

Claim 6.6. Let 9 e Q he a 0-generated stability condition. Then Xq := G-Hilb(C^) is covered 



by Uq, Ui, U2 and U3, where 














Uq: aB = l 


aBbC = 1 


a = (1,0,0) 


au = 


(0,1,0) 


b = 


(0,0,1) 


Ui : aB = 1 


aC= 1 


a = (1,0,0) 


au = 


(0,1,0) 


b = 


(0,0,1) 


U2: aB = 1 


aC= 1 


a = (1,0,0) 


au = 


(0,1,0) 


c = 


(0,0,1) 


U3 : aCcB = 1 


aC = l 


a = (1,0,0) 


au = 


(0,1,0) 


c = 


(0,0,1) 



Proof. First notice that by using the relations we have that auB = avB = oj^auB, which implies 
auB = 0. Similarly we obtain that following paths vanish: 

auB = avB = auC = avC = buA = bvA = buC = bvC = cuA = cvA = cuB = cvB = (#) 

We split the calculation in 5 steps: 

Stepl: By changing basis we can assume that a = (1,0,0). 

Step2: If aB = aC = 0, then it follows au^v^ B = au^v-'C = by the relations of the middle 
vertex, which contradicts the 0-generated stability condition 0. Therefore either aB 7^ or 
aC 7^ 0. Moreover we may assume that aB = 1 or aC = 1 by change of basis. 
Step3: We consider the case aB = 1 and aC = 0. If aBbC = 0, then it turns out that any path 
through C is zero by the relations. This contradicts the 0-generated condition. So it must be 
aBbC 7^ and b not a linear multiple of a. Wc may assume aBbC = 1 and b = (0,0, 1). Next 
assume that au = (A, 0,17) for some A,r/ € C. Since auC = by (7^), and Ci = 0, C3 = 1 by 
aC = 0, ABbC = 1, it follows that 77 = 0. Moreover since auB = by (#), and i?i = 1 by aB = 1, 
it follows that A = hence au = 0, which leads to aBbC = aAaC + ujaBbC + oj^aCcC = au^ = 0. 
This contradicts aBbC = 1, hence au is linear independent of (1,0,0) and (0,0, 1). Therefore we 
can take au = (0, 1,0) by change of basis. These are the conditions for Uq. 
Step4: The case aB = and aC = 1 is similar to StepS. This case leads to C/3. 
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Stcp5: Consider the case aB 
Bi = 1, we must have A = 
aAa + oj^aBh + uaCc = av^ means 

Ai + ubi + w^ci 
cobs + cj^cs 



= aC = 1. If au = (A, 0,0) for some A G C, because auB = and 
0, hence au = 0. The relations aAa + coaBb + uP'aCc = au^ and 









Ai + oj'^bi + Loci 

uP'b2 + OJC2 









hence it follows bi = ci and 62 = C2 = 63 = C3 = 0, that is, 6 = c = (61, 0,0). This means we 
cannot generate the middle vertex, which contradicts the 0-generated condition. Therefore au is 
not a linear multiple of a, hence we can assume au = (0, 1, 0). 

We claim that if both of b and c are linear multiple of a and au, then it contradicts the 
0-generatcd condition. Indeed, if we assume b = (61,6250) and c = (ci,C2,0), the relations 
aAa + ojaBb + uj^aCc = au^ and aAa + uj'^aBb + ujaCc = av'^ are equivalent to 



Ai + ubi + uj ci = U21 
Ojb2 + Up'C2 = U22 
= U23 



Ai + + ujci = V21 

UJ%2 + '^C2 = V22 
= V2Z 



Therefore au^ = (0,1, 0)-^ = (^21, 'U22, 'U23) = (1*21, ""22, 0), av"^ = (0,1, 0)^ = (f2i, '"22, '"23) = 
(^-'217 22) 0), which are linear combinations of a and au. Therefore we can not generate the middle 
vertex. Consequently it must be 6 = (0,0,1) or c = (0,0,1). These conditions give Ui and U2 
respectively. □ 

The quiver structure of the CM S'^^-modules Sn in this case is the following: 




( X I ' 1 



We calculate now the maps local coordinates along the exceptional curves using this quiver. For 
example in the open set Uq = ^, ^, , we have that 

aC = Ci-(the basis of P2) 

which implies that /2 = Ci/i , thus Ci = /2//1 . Similarly, 

aA = (ciCi + C3) • 1 ^ ci = (/o - C3)/iV/2 
aBbA = (ci + C3A1) ■ 1 =^ /1/2 = ci + C3/0 

which gives C3 = —fiR2/Ri- Finally auA = 3-v/3/3 = £2(1 ~ AiCi) ■ 1, so that C2 = V^fsfi/Ri- 



Ri 



-hR2 h 

«i '7?. 



. The rest of 



Therefore the coordinate ring of Uq is given by C[c2,C3,Ci] = C 

the cases are done similarly. 

It follows that the fibre over the origin 7r'~^(0) C Xq consists of 3 rational curves Ei, E2 and 
E3 intersecting pairwise as 



El E3 E2 
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The explicit open cover shows that the curves Ei and E2 have degree (—1,-1) while £^3 has 
degree (—3, 1). By Lemma [8TT] we can flop Ei and E2, giving rise to Xi and X2 respectively. By 
symmetry we only explain the flop of £'2- 

First Flop X2. In the flop of the rational curve E2 we only need to change the open sets U2 
and U3. By the same method as in the dihedral case we produce the rational curve E2 covered 
by open sets U2 and U^, both of them isomorphic to C^, and given by 

62 = 1 aC = l a =(1,0,0) 0^= (0,1,0) c= (0,0,1) 
U.^ 63 = 1 aC = l a =(1,0,0) au= (0,1,0) c= (0,0,1) 

Second flop X12. In Xi we can flop E2 obtaining Xq back, or Ei. In the latter case we get the 
new curve E[ covered by Uq and U[, both of the isomorphic to C^. The conditions for the new 
open sets are: 

U^^ C2 = 1 aB = l a = (1,0,0) an = (0,1,0) 6 =(0,0,1) 
U{ C3 = 1 aB = l a = (1,0,0) an = (0,1,0) 6 =(0,0,1) 

Third flop X123. The degree of the normal bundle of the curve E3 in X12 is now (—1,-1) so 
we can perform the last flop. We obtain the open sets C/" and U2 given by: 

[/(' C2 = C3 = 1 a = (1,0,0) an = (0,1,0) 6 =(0,0,1) 
ci = C3 = l a = (1,0,0) an = (0,1,0) 6= (0,0,1) 

In the Appendix we show the representation spaces for every open set. The normal bundles of 
the rational curves in 7r~^(0) are obtain by the explicit gluings among the open sets covering the 
curves. These gluings are given below and the result follows. 



Uo 3 (c2,c3,Ci) ^ (c2Ci,c3Ci,Cfi) e Ui 

Ui 3 (C2,C3,C3) ^ {-C2C^\c^\cl{l + C3)-4C3) G U2 
U2 3 (&2,&3,S3) ^ {b2B3,b3B3,B^^) G C/3 

Uo 3 (c2,c3,Ci) ^ (c2Ci,C3Ci,Cfi) e Ui 

Ui 3 ic2,cs,C3)^{-C2,c^\cl{l + c^')-clC3) e 

3 (62,51,53) ^ {h^\h2Buh2B3) e % 

3 (c3,Ci,C3) ^ {c^\c3Ci,C3C3) e U[ 
U[ 3 (c2,Ci,C3) ^ {-c2Ci,-C^\clC\{Ci - 1) - C1C3)) e 
f/^ 3 (62,51,53) ^ (63-1,6251,6253) e t/^ 

3 (C3, Ci, C3) ^ {-c^\Ci - clCs, Ci) e 
U!; 3 (5i,c2,Ci) ^ (5iC2,c-i,c2Ci) e 
C/^ 9 (63, 5i, B3) ^ (-5i, Si - 6^53, -63 1) e U[' 

□ 

6.4. Proof of Theorem 11.11 The proof is explicit and it follows from the direct comparison 
between every mutation of {Q,W) at non-trivial vertices with no loops and the description of 
every crepant resolution of C'^/G given in Sections [5] and [6] respectively. 

The case G = Z/nZ is immediate: part (i) follows since the unique crepant resolution X = 
G-Hilb(C^) is toric thus covered by |G| open sets isomorphic to (see |Nakj or [CR| ) . and for 
(ii) notice that there are no flops of X and no mutations of {Q, W) since every vertex has a loop 
(see EH). 

In the rest of the cases the statement (i) follows from the part (1) in Theorems 16. 11 [6^31 and [631 
For (ii) note that for every crepant resolution vr : X — t- C^/G, the dual graph of the exceptional 
flbre 7r~^(0) = \J Ei (described in the part (4) of Theorems 16. H [Ql and part (3) in Theorem 16. 5p 
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coincide with the graph associated to the corresponding mutated quiver in Section [5] removing 
the trivial vertex. Recall that the graph of a quiver Q is obtained by forgetting the direction of 
the arrows. More precisely, 

For G ^ D2n, n odd: Dual graph of tt-^{0) C Xi = Graph of Qi\0 

For G^D2n,n even: Dual graph of tt~^{0) C x™' v^"'"-''^ = Graph of Q]^-i^""~^\o 

For G^T: Dual graph of n^HO) C Xi "= Graph of Qi\0 

and it follows that flopping the curve Ei corresponds to mutate with respect to the vertex i. 

7. The space of stability conditions 

Let X = Aic for some chamber C C 0. Given an open set U C Y and any 0-stable repre- 
sentation M £ U Q for some 9 G C, the explicit knowledge of the representation space of U 
gives every possible subrepresentation C M. In other words, the analysis of the matrices in 
the representation space of every open set in an open cover of X give the inequalities defining 
the chamber C C 0. In order to do this we encode the structure of the representation space of 
an open set by using its skeleton. 

Definition 7.1. Given an open set U C A4c for some C C 0, the skeleton sk{U) of U is the 
representation of Q corresponding to the origin £ U. 

In our situation G C SO{3) of type Z/nZ, D2n or T, and take X to be a crepant resolution of 
C^/G. Then every open set U is isomorphic to ^ ^ where a, b and c are the local coordinates of 
C^. For a given point {a,b,c) £ U we denote the corresponding representation by Ma^b,c £ Mc- 
Once we choose basis for the vector spaces at every vertex of Q, the skeleton is obtained by setting 
a = b = c = 0, i.e. sk{U) = Mo,o,o- 

Example 7.2. Let G = 2, 0) and consider X = G-mih{C^) ^ Mc- Then X is covered by 3 
open sets Ui = for i = 1, 2, 3 with skeletons: 

111 

/\ / \ 

2 ^2 *2 

and G is defined by ^i, ^2 > 0. 

As a consequence of the next lemma, if there exists a finite open cover of A4c = UiLi ^^^d 
we define Cgk ■= {0 € Q\9{N) > for every C C sk{Ui) and every i}, then G = Cgk- 

Lemma 7.3. Let G be a generic parameter. If Mo,o,o is ^-stable then Ma^b,c is ^-stable. 

Proof. Let (a, b,c) £ U and let Ma,b,c be the corresponding representation. For every proper 
subrepresentation Na,b,c C Ma^b,c , the dimension vectors for Na^b,c and A'co.o coincide. Therefore 
since A'0,0,0 C Mo,o,o and Mo,o,o is 0-stable we have that 6{Na,b,c) = ^(-^0,0,0) > 0. □ 

Theorem 7.4. (i) Let G = I?2n with n odd and let Xi be a crepant resolution of C^/G. The 
chamber Cj C for which Xi = is given by the inequalities: 

Ok > for A; / 0, 1, 
01 <0, 

ei + d2< 0, 

61 + 02 + ... + ei<Q, 

61 + 62 + ... + 0i + Oi+i > 0. 
The wall between Cj and Cj+i is defined hy 9i + 62 + ■■■ + 9i + 9i+i = 0. 
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(ii) Let G = D2n with n even and let 



dj C e for which Xq".-^™"-'') 



0. 



be a crepant resolution of C /G. The chamber 



M-c'ij is given by the inequalities: 



(9fc > for A: / 0, l,m + 1, 
Er=Y Ok > 0, 

J2k=l Ok + Om+2 > 0, 
G-m+l + 6'm+2 > 0, 



Oi<o,0^ + 02<o,...,ELiOk<o, 

9m+l < 0,0m + dm+1 < 0, . . . , Y^^=m-j+l < 0, 

j:it\ek>o, 



The wall between Gij and Cj+i j is defined by X^^t^i 6*^ = 0, and the wall between Cjj and Gij+i 
is given by J2Z=m~j+i ^k = 0. 

(iii) Let G be the tetrahedral group of order 12 and let Xi be a crepant resolution of C^/G. 
The chamber Cj C G for which Xi = Md is given by the inequalities: 



Co: 


> 0, 


i / 




Ci : 


01 <0, 


02 >0, 


01+03>O 


C2 : 


01 >0, 


02 <0, 


e2 + 03>o 


Ci2 : 


01 <0, 


02 <0, 


ei + e2 + 03>o 


Ci23 : 


01 + 03 


>0,92 


+ 03 > 0, 01 + 02 + ^3 < 



Proof, (i) Consider the open cover of Xi given in l6.1l and let M G Xj be a representation of Q. We 
calculate for which parameters 9 £ the representation M is 0-stable. By the representation 
spaces of every open set shown in the Appendix, we can see that the skeletons for the open sets 
Ui, U' and U'' are: 



Ui (2 < i < m + 1) 



u, 



m+2 



U' {l<^< 



U'' (l<^< 



Every dot in the above picture corresponds to a basis element in the corresponding vector 
space in a representation of Q. Notice that the dimension vector is }2...2 so that there is one 
dot for each 1-dimensional vertex and two dots for each 2-dimensional vertex. 

We order the subindices of the stability condition := (0j)o<i<m+i 

e qIQoI by the sequence 

52...ni+l along the vertices of Q. Let Si := q0...010...0 be the dimension vector with entry 
1 at the position i. With this notation, we see that every 0-stable submodule in the open 
sets Ul' contains a submodule with dimension vector S2, ■ ■ ■ , Si+2 respectively. Similarly, 

there exist a submodule of dimension vector Sj+3, . . . , Sm+2 in any 0-stable module contained in 
C/j+2, . . . , Um+2 respectively. Therefore we have that 0j > for i > 2. 

The rest of the condition follows by examining the remaining submodules. If Mj S [/" then 
there exist a submodule Wi C Mi with dim fW,;) = q1...12...2 where the first 2 is located in 
the position i + 1. This imply that 0i + . . . + 0j < 0. Finally if A'j+i S f^i+i then there exist a 
submodule Fj+i C A''j+i with dim(Vi+i) = ^ 1- ■ • 10. . . where the last 1 is located in the position 
i + 1, which means that Zttl Oi > 0. 

Any other inequalities coming from the submodules of M G Aic are implied by the ones 
we have just described, so the chamber C is defined by the inequalities of the statement. By 
comparing the chamber conditions of Xo...i and -'^o...(i+i) '^^ obtain the equation of the wall. 
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(ii) This time we order the sub indices of the stabihty condition 6 := 
the sequence ^2 . . . ""t- ^^o^S the vertices of Q. The skeleton of the open sets in this case are 
as follows: 



)o<i<m+2 e Ql««l by 



Ui [2 <i < m) 



U'(2< 



i < rn) 



U" (1 < i < m-1) 



V:' (2 < i < m + 1) 



TT' 



u" 



V" 



J„i ... i„i .. ... 

(3 < .* < m + 2) 



Consider the open cover of X^"-^"^ "'^ given in 



and let M G X, 



m...(m—j) 
0. 



be a representa- 



tion of Q. We now define the dimension vectors which are relevant in the proof, together with 
the corresponding inequality that any submodule N C M with one of these dimension vectors 
produce: 





Dimension vector 


Inequality in 


Si 




■ 1 ■ 


■0 " 




0i > 


ri 




i 

■ 1 1 ■ 






m 


:= " ()■ 




i 

■ 1 1 ■ 








- ;;»■ 


i 

■ 1 1 ■ 






Ci 




i 

■112- 


■2 1 

1 




di 


:= 


i 

■211- 






j 











Note that n = si, n^+i = Sm+i and r^+i = ni. 

Lemma 7.5. (i) > for all i 7^ 0, 1, m + 1. 

(ii) There always exists a submodule Ni d M with dim (A^i ) = ni. 

Proof, (i) By the open covers given in Theorem 16.31 (1) and the corresponding skeletons, any 
crepant resolution of C^/G has at least one open set containing a submodule Si with dim (5,) = Si 
for z = 2, . . . , m, m + 2. In the cases i = 0, 1, m + 1 note that 5*0 do not belong to any open set 
so that there's no condition of the form Oq > 0. The submodule 5*1 is only contained in U[ and 
U2, which implies that only X"*' for any j have the condition 9i > 0. Finally, only Um+i 
and Vm+2 contain the submodule Sm+i, so that the condition 6m+i > only is valid in Xq j^ for 
any k. 

(ii) Notice that for every k the submodule A'^i G U'^,Vl, and every "'^ contains at least 

one of these affine sets. □ 
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Therefore the dimension vectors that we have to consider in every open set are the following: 



Open set Dimension vectors 

i2i<m),Ui Si-i,Si,ri_i,ni 

Sm+2,j, Cm+l 

(li < m), U- Si,ri,ni,ni,ci, d-i 



Um+1 
m+3 



Open set Dimension vectors 



{i <rn-l), 

u" 
vl 



Si+i,ni+i,ci, . . . ,Ci 

Si-1, Sm+2,ri~.i,ni-i,ni,j, di, . . . , dm+i 

(i < m + 1), V" Si-2, Si-l, Sm+2,ri-2, Cj-l, . . . , dm+1 



V" 



The result follows by going through the open cover of X^'-^"^ 
and writing down the corresponding inequalities, 
(iii) The skeletons in this case are: 



given in Theorem 












As expected, only the skeletons for Ui,i = 0, . . . , 3 are generated from the vertex 0. Indeed, 
this is equivalent to the 0-generated stability condition which only G-Hilb(C^) satisfies. 

Now take the open covers of Xi given in Theorem 16. 5[ Then the inequalities defining the 
chambers Ci for which Xi = Aid are given by the submodules of the above skeletons, and the 
result follows. □ 

Remark 7.6. The set of inequalities in Theorem 17.41 does not give the reduce description of 
the chamber C C O. Nevertheless, it can be shown that for any crepant resolution the reduce 
number of walls or inequalities defining C is precisely |Qo| ~ !> which coincides with the number of 
components of the fibre over the origin (or the number of non-trivial irreducible representations 
of G). 

Corollary 7.7. There exists a connected region F C Od where every crepant resolution of C^/G 
can be found and such that every wall crossing in F corresponds to a flop. 

7.1. Stability conditions and mutations. In this section we compare the classical approach of 
changing the stability condition on the representations of the McKay quiver to obtain all crepant 
resolutions of C^/G, and the mutation approach. 

Let G C SO{3) of type Z/nZ, D2n or T, and let {Q,W) be the Mckay QP. Let Z^o be a 
space of dimension vectors, and we take di canonical basis {gq, G]^, • • • ? 

}. Let Homz(Z'3o,Z) be 

the dual space with the dual basis eQ,e*, . . . ,e* and define := Hom2(Z'3o,Z) Q the whole 
parameter space. Let d = "^i^Qgidim pi)ei with pi £ IrrG. 

Let p{Q, W) a QP obtained by a sequence of mutations fj, = pi-^ • • • from the McKay QP. 
We denote by A = T'{fj.{Q, W)) the Jacobian algebra. We note that A is a 3-Calabi-Yau (3-CY for 
short) algebra since 5 * G is 3-CY and the property of 3-CY is closed under Morita equivalences 
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and mutations. We fix a vertex i £ Qq with no loops and let Pj be the projective A-module and 
Si the simple module associated to the vertex i. Then, there is an exact sequence 

(7.1) 0^Pi^X2= Pta^Xi= Pi^^An^Si^O. 

a(^Q\,ha=i a&Qi,ta=i 

Let (— , — ) be a symmetric bilinear form on Ij^^ defined by 

In our case, if i and j are adjacent, then we can see that there is only one arrow from i ^ j, so 
{ei,ej) is -1. 

We define {M,N) := ( dim M, dim A^) := ( dim M, dim N) for any finite dimensional A-modules 
M, N. We denote by Si the reflection with respect to a vertex i, which is defined by 

Sitt := a - {a,ei)ei 

for any dimension vector a £ Z'^o and dually 

n 

Sid -.= 6 - 6'iy^(ej,ej)e*. 

j=0 

Trivially, for any dimension vector a, 9{a) = if and only if {si6){sia) = 0. For a sequence 
fJ- = fJ-ii ' " /^im of mutations, we consider the corresponding sequence of reflections w = • • • Si^. 
Then dimension vectors cod determine parameter spaces Quxi- Let 9^ G Gi^d be the 0-generated 
stability condition and Co the chamber in defined by the inequalities of > for i ^ 0. 

Lemma 7.8. The chamber of Mgo^^^ii^) is Cq. 

Proof. It follows from direct calculations. We see that all simple modules associated to vertices 
can be a subrepresentation of some point in A^go (^^(A) □ 

Note that we know there is a one to one correspondence between flops of G-IIilb(C^) and 
mutations of the McKay QP. The goal of this subsection is the next result. 

Theorem 7.9. Let X — t- C^/G be an arbitrary crepant resolution. Then X = A^e" a;d(r) for 
the corresponding Jacobian algebra T = V{n{Q,W)). Moreover, there exists a corresponding 
sequence of wall crossings from G-Hilb(C^) which leads to X = Aie,d{^) where A = V{Q,W) 
and the chamber C C containing 6 is given by the inequalities 6{uj^^ei) > for any i ^ 0. 

The rest of the section is dedicated to prove the above theorem. 

Definition 7.10. For any parameter 9 £ @, we define the full subcategory 551(A) of ModA 
consisting of 0-semistable finite dimensional A-modules. Moreover we denote by 5e,o(A) the full 
subcategory of Sg{A) consisting of 0-semistable A-modules of dimension vector a if Sg^ai^) is not 
empty. 

In the exact sequence (j7.ip . let Ki be the kernel of / fitting in the exact sequence 

(7.2) ^ Ki A Xi A Pi ^ S^ ^ 0. 

Then it can be checked that Tj := A/ Pi (B Ki is a tilting A-module of projective dimension one. 
We put r = EndA(7i). By a similar strategy in |BIRS] . we can prove that P ~ V{niUj{Q, W)). 

Lemma 7.11. Let M be a finite dimensional A-module of dimension vector a = (a^). Then the 
alternating sum of the dimension vector of MHomA(Tj,M) is given by the following formula: 

dim p IIomA(rj, M) — dimp 'Ex.t\{Ti, M) = Sia. 



Ext\{Ti,M)ej ~ Exti{ejTi,M) 
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Proof. For each j G Qq, Cj denotes the corresponding idempotent of A. The following hold: 

Hom^(T„ M)e, = Hom.(e,T<, M) = lf""f':-"] = ' 

[HomA(P,-,M) lfJ/^ 

and 

'Exti(K„M) ifj = i 
^0 if i/i. 

By applying HomA(— , M) to the exact sequence — )• Pj — )• X2 — )■ — )• 0, we have 

^ HomA(i^i, M) ^ HomA(X2, M) ^ HomA(Pi, M) ^ ExtKivTi, M) ^ 0. 
Hence we have 

dime HomA(Ki, M) - dime ExtA(i^i, M) = dime HomA(X2, M) - dime HomA(-Pi, M). 
so that dimp HomA(rj, M) — dim p ExtA(Tj, M) is equal to 

ajej + (dime HomA(Ki, M) - dime Ext\{Ki, M))ei 
= + ( ata - aj)ei = a - (2aj - ^ ata)ei = a - {a,ei)ei. 

jj^i a(iQ\,ha=i a(^Q\,ha=i 

□ 

We have a similar result as in the two dimensional case treated in |SY| . 
Theorem 7.12. If Oi > 0, then there is an equivalence 

HomA(Ti,-) 

of categories which preserves S'-equivalence classes. Moreover this equivalence induces an isomor- 
phism 

of varieties for any a G Z'^o. 

Proof. Since Tj is a tilting module, there is a derived equivalence 

RHomA(Ti,-) 

P(ModA) -: P(Modr). 

L 

-®rTi 

The functor MHomA(?i, — ) induces a functor HomA(7i, — ) from ^^(A) to modF. We show that 
HomA(Tj,— ) is well-defined. Let M be a 0-semistable A-module of dimension a. By applying 
HomA(— ,M) to the exact sequence ()7.2p and using the fact that A is 3-CY, we have 

Exti(ri,M) ~ Ext^{Si,M) ~ DRomA{M,Si). 

Since 9i > 0, M doesn't have Si as a factor. So we have HomA(M, Si) = 0, hence Ext\(Ti, M) = 0. 
Next we show that M' = HomA(Ti,M) is Sj^-semistable. By Lemma 17.111 we have 

isie){M') = (si^) (dimp HomA (Ti,M)) = {si9)is^a) = 6(0) = 0. 

We take any proper submodule A^' of M' and consider the following exact sequence 

^ A^' ^ M' ^ C ^ 0. 

By applying — (S>t Ti to the above, since Totc\{M' ,Ti) = we have an exact sequence 

^ Tor[(C7, Ti) N' «)p Ti A M' «)p Ti ~ M. 
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HomA(A,ri)ej ~ HomA(/j-, 



IS 



We have Tovl{N,Ti)ej = Tor[(iV, TiCj) = since Tiej ~ 

a projective r°P-module. So dini p Tor^fC, Tj) = e™ for some non-negatve integer m. Since 
we have dim ^ A^' (gir Tt = Sj dini p N' . Thus since Im / is a submodule of M, we 

have 

{s^e){N') = (sie)(s, dim ^ N' (^<)rTi) 

= gfdiniA N' 0rTi) 

= e{eT) + e{lmf)>0. 

Note that if M is 0-stable, then M' is also Sj^-stable since 9{Imf) > 0. 

The converse is proved similarly. Moreover one can easily check that S-equivalent classes are 
preserved. 

Furthermore, for any dimension vector a, the functors HomA(Tj, — ) and —^rTi induce inverse 
morphisms / : Xe,a(A) Ms^e,s,a(X) and g : Ms^e,s,a{'^) Me,aW so that there is an 
isomorphism between the moduli spaces (see \SY\ Theorem 5.6] for details). □ 

Corollary 7.13. A chamber C C 0a;d is mapped to a chamber SjC C Qsiuid- More precisely, 
if C is defined by inequalities 6{a) > for a set of vectors {q}, SjC is defined by inequalities 
9{sia) > 0. 



Proof. For any 9 G Q^id by Theorem l7.121 a A-module M of dimension vector ud is 0-(semi)stable 
if and only if HomA(7i, M) is Sj^-(semi)stable, so the first assertion follows. The second assertion 
follows from the fact that SiO{sia) > is equivalent to 0{a) > for any 9 £ C. □ 



Proof of Theorem 7.9 Let X be any crepant resolution and ^(Q, W) the corresponding QP given 
in the previous sections. By Theorem 17.121 it follows that A^go ^)) — -^a;-i6»o,d(Q) ^) 

and it can be checked that X ~ A^^-igo ^{Q,W). Also by combining Lemma 17.81 and Corollary 
17.131 the chamber containing uj~^9^ is given by the equalities 9{uj^^ei) > 0. □ 



Example 7.14. Let G = D^. The rows in the following diagram correspond to the diff'erent 
chambers in the three mutated algebras for which the crepant resolution of C^/G shown in the 
left column can be realized. Note that in any mutated algebra we can find the corresponding 
crepant resolution in the chamber containing the 0-generated parameter. 



Q 



^ O 

d = \22 



Q 



Qo 



d- 1 



O 

o 



,22 



Q 



01 '■ 



C 



d- 1 



o 



,22 



G'-Hilb(C3 



(-1,-1) (-2.(1) (-.1,1) 



^0 >0 

01 > 

02 > 



00 <0 
9o + 01 > 
02 > 



?o + 01 < 

00 > 
^1 + 02 > 



^0 

(-1,-1) (-1,-1) (-■!,!) 



00 <0 
9o + 01 > 
02 > 



00 >0 

01 > 

02 > 



00 + 01 > 
01 < 

01 + 02 > 



(-2,0) (-1,-1) (-2,(1) 



01 > 
00 + 01 < 
9o + 01 + 02 > 



00 + 01 > 
01 < 

01 + 02 > 



00 > 

01 > 

02 > 



Floppable curves in M 



c 



Let G C S0{?)) of type Wj/nlj, D2n or T. Let vr : X — t- C^/G be a crepant resolution and 
E d X he a. rational curve. In this section we prove that the only rational curves in a crepant 
resolution of C^/G that can be flopped are the (—1, — l)-curves. 
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There are three possible degrees for the normal bundle Mx\e over a curve £■ ^ PMn X, namely 
(— 1, —1), (—2, 0) and (—3, 1), and all three types appear in the families treated in this paper. For 
every (—1, — l)-curve there always exists a flop X --->■ X' of E where X and X' are isomorphic 
in codimension one. If £^ is a (—2, 0)-curve then we can use the width of E defined in |Pagoda| 
to conclude that E is always contained on a scroll, which implies that it does not exist a small 
contraction of X which contracts E. 

There are only two (—3, l)-curves: Em C D2n-Hilb(C^) when n is odd and E2 C T-Hilb(C3). 
In both cases we use the fact that X = A4c for some chamber C G and we consider the 
contraction of E as the map M-c — ^ -Mg where 6 G C lies on a wall of the chamber C (cf. |CI| 
§3.2). By the study of ^-equivalence classes we are able to describe explicitly the contracted locus 
and conclude that such a contraction is divisorial, i.e. the curve is not floppable. 

We finish the section giving an alternative proof of the fact that E2 C T-Hilb(C'^) is not 
floppable using contraction algebras. 

Lemma 8.1. Let G C 50(3) of type Z/nZ, D2n or T, and let vr : X — t- C^/G be a crepant 
resolution. Then only the rational curves E C X with degree of normal bundle (—1,-1) are 
floppable. 

Proof. Let {Q,R) the McKay quiver with relations, A = CQ/R, d := (dim p) p^i^^ a and 6 £ @ 
be the 0-generated parameter. Denote by Aie := Aig^di^)- By the part (3) in Theorems 16. H lOl 
and 16.51 only Em C D2n-Hilb(C^) when n is odd and E2 C T-Hilb(C^) are (— 3, l)-curves. Since 
the open sets covering these curves do not change under the flop of any other curve, it is enough 
to prove that they are not floppable in G-Hilb(C^). Thus, it is enough to show the following three 
claims: 

(i) If is a (— 2,0)-curve then E is contained on a scroll. 

(ii) Let G = D2n C 50(3) with n odd. Then the (—3, l)-curve on M.q is not floppable. 

(iii) Let G C 5*0(3) be the tetrahedral group. Then the (—3, l)-curve on Aig is not floppable. 
Proof of (i). By the covering of X given in Section [6] we know that E d X is covered by 

two open sets U and U' where U,U' = 'C?. First notice that for every curve E of type (—2,0) 
we can make a suitable change of basis on U or U' to obtain the gluing to be of the form 
U\{a = 0} 9 {a,b,c) 1— )• (a~^,a^6, c) G U'\{a' = 0}. It is straightforward in most cases, although 
we give here some of them: 

In D2n with n odd have U^^^\{a = 0} 3 {a,b,B) ^ {a^{d'^ - D'^ /'i),d,a-^) £ Um+2\{u = 0}, 
so we can change of coordinates in by (a, d, D) = (a, d, — D). 

In D2n with n even have V^^^\{d = 0} 9 {d,p,C') ^ {G'^ + d^D,d-^,G') G V;;;+2\{c' = 0}, 
so we can change of coordinates in V^j^2 {^i^ ., C') = {A — O'^, c', G'). 

In T have C/i\{c3 = 0} 9 (02,03,03) 1-^ (-02,03 \c|(l + 03^) - 0^03) G U2\{Bi}, so we can 
change of coordinates in U'2 by (61, Bi, S3) = (61, 6|(1 + Bi) — By). 

The width of a (—2, 0)-curve £* G X is defined in Pagoda as 

n := sup{n|3 scheme En with E C En C X s.t. En = E x SpecC[e]/e"} 

Once we have the gluing in the form {a,b,c) 1— (a^^,a^6, c), the curve E C U is defined by the 
ideal / = {b,c) and for any A; > the ideal Jk = {b,c^) satisfy the conditions of the criteria in 



Proposition 5.10 in [Pagoda , so the curve E has infinity width. Thus E moves in a scroll S C X 
so there is no small contraction of X which contracts only E. 

Proof of (ii). First we note that, if ^ is a parameter with > for i 7^ 0, m and 9m = 0, then 
there is a morphism / : Aio — )• Mg which cannot be further factored into birational morphisms 
between normal varieties. If M is a point on then the image [M] := f{M) is an S-equivalence 
class of M with respect to 9. 

In the open cover Um+2-, put x = u,y = v, z = V . We consider the hypersurface X C Um+2 
defined by — xz^ = 0. We prove that the surface X is contracted to a curve by calculating 



36 



ALVARO NOLLA DE CELIS AND YUHI SEKIYA 



5-equivalence classes. Fix x = a and denote by the curve on X determined by x = a. Note 
that Xq is contained in the (—3, l)-curve. Take any representation M on X^. 



Um+2 ^ c'i^y,z ^ M = a 1 ^c^czr^c^ C^C 




' n n\ (0 0) 

\oo) \Q a) 



O 



V 

-az -y ) 



Then there is a submodule M' of M whose dimension vector is 2e,„. One can check that the 
eigenvalue of Um is and eigenvectors are {y/a, 1) and (— -y/a, 1). Since — az^ = (y + \foL^){y — 
y/az), we put X+ = Xn{y + y/az = 0) and = Xniy-y/az = 0). Then X„ = X+UX'. If M 
is a point on X+, we consider the subspace M" of M' spanned by (— 1). The actions of Um, v 
are zero on M" , so it becomes subrepresentation of M' , and we have a filtration of ^-semistable 
representations 

OCM" CM' C M. 

One can check that 

[M'/M"] ~ [^/^=^™Q C Q^ = ~ [ = "-C ^ 0"^^° ] 

where the vector spaces lie only on the vertex m. Thus the factor modules M/M' , M' /M" , M" 
do not depend on y, z. Hence any representation on X+ is 5-equivalent to the representation 
[M/M']®[M' /M"]®[M"]. Similarly any representation on X^ is also S'-equivalent to it. Thus the 
surface X is contracted to a curve. Therefore, there is no small contraction and the (—3, l)-curve 
is not floppable. 

Proof of (in). It is proved by the same strategy, however the computation is not so obvious, so 
we show it. We take the open set Ui and put x = C3, y = C2, C3 = z. We consider the hypersurface 
X defined by = xz'^ — xz + x = x{z + ijj){z + up') where w is a primitive 3rd root of unity. We 
fix X = a and put Xa = X r\{x = a). Take any representation M on Xa- Then we have Ai = a, 
so the matrices in M become as follows: 

a = (l,0,0),6 = (0,0,l),c = (y2_a^2^y,z),A = a(o) ,5= (0) ,C= (0 
io\ / o"io° 

11= [ az-u](y^-az'^) u'^y uj+w'^z \y= I az-uj^ {y'^ -az^) ujy ui'^+uiz 



up-ay -uj'^az -LO^y J \ ^^cty —uiaz —ujy 



Thus we see that there is a subrepresentation M' of M generated by (a, 0,-1) and (0,1,0): 

^ ^_(2+a;2) y J v_y ^ ^ V-(z+") y )■ The eigenvalues of u,v are and the 

eigenvectors are (y, z + cj^), {a{z + w^), y) and (y, z + io), {a{z + w), y) respectively. Here we put 
X^ = Xa n {y = y/a{z + w)) and X~ = Xa n {y = -y/a{z + w)). Then if M is on X+, ah 
eigenvectors are multiples of the vector (-^/a, 1). So by taking the subrepresentation M"~^ of M' 
generated by {\/a, 1), we have a filtration of ^-semistable representations: 

OCM" C M' C M 

and one can check that factor modules M/M' ,M' /M"^ ,M"^ do not depend on y, z. So any point 
on X+ is S-equivalent to M / M' ® M' / M"^ ® M"^ . Similarly one can check that any point on X~ 
is S-equivalent to M/M' © M' /M"~ © M"~ where M"~ is the subrepresentation of M' generated 
by (— -y/a, 1). Therefore X is contracted to a curve, so the (—3, l)-curve is not floppable. □ 

8.1. A contraction algebra. In this section we give an alternative proof of Lemma [8. II by using 
contraction algebras. Let G be the tetrahedral group T of order 12, 5 := C[a;,y,z] as usual. 
Let Mi := (S" © p)"^ for i = 0, . . . , 3 be the non-isomorphic CM S'-'-modules with Mq = R, and 
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let M := ©^=o-^«' Then the algebra A := End_5G(M) is isomorphic to the Jacobian algebra 
V{Q, W) for the McKay QP (Q, W) given in the previous sections. 

Let X := T-Hilb(C3) ^ Meo^dW with 9^ = (-5, 1, 1, 1) and d = (1, 1, 1,3). Let E3 C X the 
rational curve of type (—3, 1), which corresponds with the vertex 3 G Qq. If £^3 is floppable there 
exists a small contraction r : X — )• y, where we can realize Y as the moduli space A4-^^{T) with 

00 = (_3^ 1^ 1)^ d = (1, 1, 1) and T := EndsG{M/Ms) is obtained by removing the module M3 
from M. We call T a contraction algebra by its analogy with the geometry. 

It turns out that T is isomorphic to the path algebra CQ/R for the following quiver {Q,R) 
with relations: 

E g 

o . o 

aA = Cc, hB = Aa, cC = Bb 

da = ae, eh = hg, gc = cd 
dC = Cg, eA = Ad, gB = Be 
Da = uiaE, Ed = uhG, Gc = u!cD 
DC = uj'^CG, EA = up- AD, GB = u^BE 
D^ = d^ + abc + CBA - 3Ccd 
= + hca + ACB - 3Aae 
ujG'^ =g^ + cab + BAG - 3Bbg 

U1UU2U U3 where Ui are hyper surf aces given by equations: 




Thus we obtain Y ^ MgusiQ^ R) 



Ui 
U2 
Us 



(wG^ 



d"" + c + c^C^ -3cCd) C C 



4 

c,C,d,G 



+ b^B 



bB^ 



d^ + A + A^a^ 



- 3bBd) C C^,B,d,G 
3aAd) C Clc,d,G 

Therefore Y has a singular line L which in U2 is given by the points {d, d, d, 0). It can be checked 
that as in Lemma 18.11 that the preimage of L is precisely the equation = xz'^ — xz + x hy 
setting C3 = X, C2 = y and ci = y"^ — xz^. Therefore r is not a small contraction, therefore 
is not floppable. Moreover, this construction coincides with the contraction map Mqo — )• M 

described in the previous lemma where 9^ is a stability condition at the wall 6*3 = 0. 
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9. Appendix 
Definition 9.1. Let G = Z?2n; a := m — i. 



Figure 5. Open sets for crepant resolutions of C^/G for G = D2n, n odd. 
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Figure 6. Open sets for crepant resolutions of C^/G for G = D2n, n even (I). 
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Figure 7. Open sets for crepant resolutions of C'^/G for G = D2n, n even (II). 
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Figure 8. Open sets for crepant resolutions of C^/G for G = T C SO{3). 
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